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Abstract
After the discovery of a scalar Higgs boson by the ATLAS and CMS experiments
at the LHC precise theoretical calculations of all production and decay channels are
needed to determine the Higgs properties, including its coupling to SM fermions.
The gluon fusion is the dominant source of Higgs bosons over the entire mass range at
the LHC. Apart from fixed-order calculations this thesis deals with the resummation
of large logarithms near the partonic threshold. Based on previous work in the
gluon fusion process we extend the soft gluon resummation to the highest known
accuracy. We also consistenly treat collinear and top quark mass effects within the
resummation method by providing an alternative approach to literature. In addition
we apply the same resummation procedure to a pseudoscalar Higgs, as it is proposed
by the MSSM. At the end of this thesis we discuss the numerical implementation
and analysis of the threshold resummation in the gluon fusion process.
Zusammenfassung
Nach der Entdeckung eines skalaren Higgs-Bosons durch die ATLAS und CMS Ex-
perimente am LHC sind pra¨zise theoretische Berechnungen aller Produktions- and
Zerfallskana¨le von No¨ten um die Eigenschaften des Higgs-Bosons, inklusive deren
Kopplung an die Fermionen des Standardmodels, zu bestimmen. Die Gluonfusion
ist der dominante Produktionsmechanismus der Higgs Bosonen u¨ber den gesamten
Energiebereich am LHC. Neben festen Ordnungsrechungen behandelt diese Arbeit
die Resummation grosser Logarithmen nahe der partonischen Schwelle. Basierend
auf fru¨heren Arbeiten in der Gluonfusion erweitern wir die weiche Gluonresumma-
tion bis zur ho¨chsten Genauigkeit. Wir behandeln ebenfalls kollineare und Top-
Quark-Masseneffekte innerhalb der Resummationsmethodik und bieten dabei einen
alternativen Zugang zur Literatur. Daru¨ber hinaus wenden wir die gleiche Resum-
mationsprozedur auf das pseudoskalare MSSM Higgs an. Am Ende dieser Arbeit
diskutieren wir die numerische Implementierung und Analyse der Schwellenresum-
mation im Gluonfusionsprozess.
Chapter 1
Prologue
The fundamental model of theoretical particle physics, the Standard Model (SM),
provides a very successful description and prediction of physical observables in all
experimental measurements. It comprises two different kinds of elementary matter
particles, the quarks and the leptons, as well as the three fundamental forces, the
strong, the weak and the electromagnetic interactions, mediated by gauge bosons.
Additionally the SM predicts the existence of a scalar particle the Higgs boson
which has been detected by the ATLAS and CMS experiments at the Large Hadron
Collider (LHC) in Geneva. The Higgs particle is a consequence of the electroweak
symmetry breaking by means of the Higgs mechanism and thus a cornerstone of the
SM model. Its coupling to matter generates the particle masses. Moreover, the the-
ory of electroweak interactions based on the Higgs mechanism permits very precise
theoretical predictions due to renormalizability which are in striking agreement with
experimental measurements at LEP and SLC.
The experimental analysis for the Higgs boson is one of the most important en-
deavors at the Tevatron and the LHC colliders. Experimental difficulties arise from
the huge number of background processes induced by strong interactions that come
along with Higgs signal events. Therefore precise theoretical predictions of all Higgs
boson production and decay rates are needed.
The dominant Higgs production mechanism at the LHC is the gluon fusion process,
an essentially strong interacting process, which has attracted a lot of theoretical
interest in the last decades. The coupling of the gluons to the Higgs is mediated by
top and bottom quark loops. To next-to-leading order QCD quantum corrections
with the full dependence on the quark masses have been calculated. They increase
the total cross section by a huge amount of 50–100%. Recent works at NNLO (next-
to-next-to-leading order) in the limit of a large top-quark mass showed that the
NNLO corrections are moderate in size which signalizes perturbative convergence.
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In order to receive a better understanding about the residual higher orders in per-
turbation theory factorization theorems in particular kinematical regions allow to
to improve the theoretical predictions by exploiting renormalization group methods.
The resummation of kinematically enhanced terms near the partonic threshold and
the matching to fixed-order calculations precise the theoretical predictions to the
highest accuracy.
Quite recently, N3LO calculations in the threshold region have been published which
allows us to extend the the resummation techniques up to NNNLL (next-to-next-to-
next-leading logarithmical) level. In this thesis we systematically include previously
neglected mass effects into the resummation procedure and provide a method to
incorporate collinear effects in a consistent way. Furthermore, we also consider the
numerical impact to the total hadronic cross section of the gluon fusion process for
a SM Higgs and a pseudoscalar Higgs, as it is proposed by the Minimal Supersym-
metric extension of the Standard Model (MSSM)
This thesis is organized as follows: In Chapter 2 we review the main theoretical
concepts of electroweak symmetry breaking in the SM and MSSM and also recapit-
ulate the relevant processes for the production of a scalar and pseudoscalar Higgs.
Within Chapter 3 we treat the theoretical methods of resummation by attaching
importance to the fundamental basis of the theory of strong interaction, Quantum
Chromodynamics. Fixed-order calculations to the gluon fusion process, both in
QCD and electroweak theory, are summarized in Chapter 4. The second last Chap-
ter 5 shall serve as a detailed description of the extension of the known resummation
procedure, including theoretical developments and numerical analysis. We conclude
this work in Chapter 6.
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Chapter 2
Introduction
1 Standard Model of Particle Physics
The Standard Model of particle physics (SM) is nowadays the widely accepted the-
ory describing the interactions and matter of the universe. In contrast to Quantum
Mechanics (QM), Quantum field theories (QFT) provide an elegant treatment of
particles as fields. The advantage compared to QM is that not only it solves the
causality problem but moreover handles multiparticle states as well as transitions
between states of different particle numbers. Particles, formally pointlike fermionic
excitations of the vacuum, are the fundamental constituents of the matter. The
interactions among the particles are generated due to the exchange of spin 1 vector
bosons of the strong, weak and electromagnetic sector. The class of particles is
subdivided into quarks and leptons. The latter can only interact via electroweak
interactions mediated by photons γ, Z-bosons or W±-bosons while the former par-
ticipate also in the strong interactions via the 8 gluons. The dynamics of the SM
are contained in a SU(3)C ⊗ SU(2)L ⊗ U(1)Y local gauge invariant Lagrangian of
the form [1, 2, 3]
LSM =− 1
4
∑
a
(
Gaµν
)2
+ i
∑
f
ψ¯f /Dψf + |Dφ|2 + µ2|φ|2 − λ
4
|φ|4
− (
∑
ij
yijψ¯i,L(φ+ φ
c)ψj,R + h.c) (2.1)
where the subscripts C,L, Y refer to color, left isospin and weak hypercharge. The
first term in Eq. (2.1) contains a sum over all the 12 generators of the gauge group
of the SM and depicts the kinematical terms the repective gauge bosons Gαµ, W
j
µ and
Bµ which transform according to the adjoint representations of SU(3)C ⊗SU(2)L⊗
U(1)Y . The gluons are always massless and the SU(2)L gauge bosons W
0,1,2 and
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the U(1)Y gauge boson B are introduced without explicit mass terms in the exact
electroweak theory. The fermion fields ψ belong to different representations of the
gauge group. Leptons and quarks come in three different generations and can be
ordered by left-handed isospin doublets and right handed isospin singlets. The
hypercharge Y is related to the electromagnetic charge Qf and the third component
of the left chiral weak isopsin T3L via
Q = T3L +
Y
2
(2.2)
The fields of the three generations of leptons and quarks with the respective quantum
numbers (I, Y ) of the electroweak sector can be depicted as(
νe
e−
)
L
,
(
νµ
µ−
)
L
,
(
ντ
τ−
)
L
: (2,−1) (2.3)
e−R, µ
−
R, τ
−
R : (1,−2) (2.4)(
u
d
)
L
,
(
c
s
)
L
,
(
t
b
)
L
: (2,
1
3
) (2.5)
uR, cR tR : (1,
4
3
) (2.6)
dR, sR, bR : (1,−2
3
) (2.7)
Moreover, the quark fields are color triplets (3) while lepton fields are color singlets
(1) of SU(3)C . Due to the requirement of local gauge invariance the usual derivative
of the fields must be replaced by a covariant one
Dµ = ∂µ + igs
8∑
a=1
T aGaµ + ig
3∑
j=1
W jµT
j
W + ig
′Bµ
Y
2
(2.8)
where T a and T jW are the generators of SU(3) and SU(2) and Y is the hypercharge
of U(1). The remaining terms in (2.1) contain an additional SU(2)L doublet of
scalar Higgs fields φ =
(
φ+
φ0
)
with hypercharge Y = 1.
1.1 Electroweak theory and the Higgs mechanism
The electroweak subgroup SU(2)L ⊗ U(1)Y remains intact above the weak scale at
about v ∼ 246 GeV but at energies below that scale the original symmetry is hidden
or ”spontanously broken” by virtue of the scalar Higgs field which acquires a real
non-zero expectation value in the isospin I3 = −12 component about the ground
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state [4, 5, 6, 7, 8]. Vacuum fluctuations of the isodoublet φ value are usually known
as the Higgs particle denoted by h. In unitary gauge the isospin doublet is given by
φ =
1√
2
(
0
v + h
)
. (2.9)
Due to the presence of the VEV v the weak bosons W± and Z acquire masses while
the photon remains massless
MW =
1
2
gv, MZ =
1
2
√
g′2 + g2v, v =
(
1√
2GF
)1/2
(2.10)
The relation between the vector fields W 1,2,3µ , Bµ and the mass eigenstates W
±
µ , Zµ
are
W µ,± =
1√
2
(W µ1 ∓ iW µ2 ) (2.11)
Zµ =
g√
g′2 + g2
W µ3 −
g′√
g′2 + g2
Bµ, (2.12)
= − sin θwBµ + cos θwW µ3 , (2.13)
Aµ = cos θwB
µ + sin θwW
µ
3 , (2.14)
(2.15)
where θw is the Weinberg angle. In unitary gauge the additional degrees of freedom
in the Higgs potential, the Nambu-Goldstone bosons, are absorbed as longitudinal
degrees of freedom of the massive vector bosons. The Higgs isopsin doublet φ also
generates masses of the up-type fermions with isospin I3 = +
1
2
while the charge
conjugated isospin doublet φc generates the masses of down-type fermions with
isospin I3. The resulting mass terms can conveniently be written as the Lagrange
density
Lm = −(ψ¯LimijψRj + h.c.) (2.16)
where mij is the respective mass matrix of the leptons and quarks. Moreover, the
vacuum fluctuations h around the minimum of the Higgs potential lead to a Higgs
mass term and Higgs self interactions of the form
Lh =− µ2h2 − λvh3 − 1
4
λh4 (2.17)
=− 1
2
m2hh
2 −
√
λ
2
mhh
3 − 1
4
λh4 (2.18)
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Since the Fermi coupling GF is fixed due to the µ-decay the determination of the
Higgs mass by ATLAS ans CMS [9, 10] completed the set of the 19 free input
parameters of the SM. From Eq. (2.1) one can also derive interaction terms between
the Higgs particle and the vector bosons
LhV V =
(
m2WW
µ+W−µ +
1
2
m2ZZ
µZµ
)
2h
v
(2.19)
as well as with the SM fermions of the kind
Lhff = −(ψ¯LimijψRj + h.c.)h
v
(2.20)
which allows to derive Feynman rules of the interaction vertices, see Fig. 2.1
H
W+µ W
−
ν
igmWgµν
H
f f
−i gmf2mW
Figure 2.1: Feynman rules for the Higgs couplings to fermions and W -bosons
1.2 Unitarity argument and theoretical bounds on the Higgs
mass
Perturbative unitarity arguments also show [11] that a theory with massive vector
bosons and massive fermions which are coupled weakly up to an asymptotic scale
Λ requires the inclusion of a scalar 0+ Higgs boson with a coupling proportionaly
to the masses of the particles. Without a scalar particle in the electroweak sector
the S-wave amplitude of the longitudinal WLWL → WLWL scattering would diverge
quadratically in energy. Amplitudes with a Higgs boson exchange not only exactly
cancel the quadratic rise of the pure gauge boson amplitudes but also render finite
amplitudes A0(ff¯ → WLWL). If one also includes channels WLWL → WLWL,
ZLZL → ZLZL, etc. the requirement that the largest eigenvalues of the S-wave
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amplitude respects the unitarity constraint yields an upper bound on the Higgs
mass [12, 13]
MH . 710 GeV (2.21)
Moreover, upper and lower limits on the Higgs mass can be derived by the triviality
and stability bound of the Higgs quartic coupling. At one loop the RGE of the
coupling λ can be expressed as [14, 15, 16, 17, 18, 19, 20]
dλ
d lnµ2
∼ 1
16pi2
[
12λ2 + 6λy2t − 3y4t −
3
2
λ(3g′2 + g2) +
3
16
(
2g′4 + (g′2 + g21)
2
)]
(2.22)
where the top Yukawa coupling is yt =
√
2mt/v. The RGE covers all one loop
contributions including fermions and vector bosons of the electroweak theory. For
large Higgs masses the Higgs self coupling becomes the dominant effect. The solution
of the RGE in this limits yields an upper bound on the Higgs mass dependent on the
energy scale Λ where new strong interactions emerge. i.e. the coupling λ diverges.
For smaller values of the quartic coupling the heavy quark mass loops can drive the
coupling even to negative values leading to a lower limit on the mass of the scalar
boson. Including also two loop effects in the RGE of λ and assuming that the SM
is valid up to the Planck scale Λ ≈ 1019 GeV restricts the Higgs mass in the range
130− 190 GeV. If new physics appear near 1 TeV the Higgs mass has to lie between
60− 800 GeV.
1.3 SM Higgs boson production and decays at the LHC
The discovery of a scalar CP even Higgs boson by the ATLAS and CMS experiments
[9, 10] completed the long search for the missing cornerstone of SM. Besides an
heroic effort on the experimental side, precise theoretical calculations both for the
production and the decay channels are of high importance. The SM Higgs can decay
at tree level into a fermion-antifermion and vector boson pair. Due to the linear
rise of the Yukawa coupling with the fermion mass the Higgs tends to decay into
the heaviest fermions and gauge bosons allowed by phasespace. On the other side a
direct coupling to two photons, to a photon-Z pair or to two gluons is prohibited at
tree level. These decay channels can only arise due to loop-induced processes. In the
low mass range 110 GeV, . Mh . 130 GeV the Higgs decays mainly into a bb¯ pair
with a branching ratio of ∼ 75 − 50% while other decay modes H → cc¯, τ+τ−, gg
develop branching ratios at the per-cent level. H → γγ, Zγ decays are very rare
and occur only at the per-mille level. In the intermediate mass range 120 GeV
. Mh . 180 GeV the WW and ZZ channels open up dominating the branching
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ratios with a ratio 2:1 in the high mass range 180 GeV . mh . 1 TeV. The tt¯
decay mode only leads to a slight modification ot these branching ratios above
the tt¯-threshold. Although the Higgs to bottom anti-bottom decay channel is the
dominant to detect the Higgs in the low mass region the bb¯ final state is disfavored
due to huge QCD jet backgrounds in hadron hadron collisions highly complicate the
experimental detection. Nevertheless, the observed excess was most significantly
observed in the decay of a Higgs into two photons combined with the vector boson
channels further decaying into 2 charged lepton anti-lepton pairs.
 [GeV]HM
100 200 300 1000
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 2
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0
Figure 2.2: SM Higgs branching ratios as a function of the Higgs mass MH [21]
Although the total estimated cross section of all visible processes at the LHC is
about ∼ 100 mb for a center of mass energy √s = 14 TeV the ratio of the signal of
the production of a single Higgs over the background is about ∼ 10−10 which makes
experimental searches for the Higgs boson very challenging. Mainly due to its large
8
Yukawa coupling to heavy quarks and massive vector bosons the main production
processes in hadron colliders are:
gluon fusion : gg → H
vector boson fusion : W+W−, ZZ → H
Higgs-strahlung off W,Z : qq¯ → W ∗/Z∗ → W/Z +H
Higgs bremsstrahlung off top : qq¯, gg → tt¯+H
Although loop-suppressed the gluon fusion, mediated by a heavy quark triangle, is
the dominant production process over the entire mass range of the Higgs at the
LHC. The domincance of gg → H stems from the fact that the loop suppression
is balanced out by the size of the heavy quark Yukawa coupling and the sensitivity
of the partonic cross section to the gluon parton distributions at small Bjorken-x.
Higher-order perturbative QCD corrections turn out to be large [22, 23, 24] by virtue
of the large color charges in gluon induced processes, thus questioning the reliability
of the perturbative approach. This thesis addresses this issue to a large extent. A
detailed description of the gluon fusion mechanism at fixed orders can be found in
chapter 4 while the soft and collinear gluon resummation is explained in chapter 5.
g
g
h
t, b, c
t, b, c
t, b, c
Figure 2.3: Loop induced diagram to the leading order partonic cross section of the
gluon fusion
The vector-boson-fusion process is subdominant for small Higgs masses but becomes
competitive to the gluon fusion in the large Higgs mass range. The production of
the Higgs in association with two hard jets in the forward and backward direction
also plays an important role in the determination of the Higgs coupling to vector
bosons. The LO electroweak cross section consists of s, t and u-channel diagrams
with a quark anti-quark pair in the initial state. The quarks emit two off-shell vector
bosons which fuse into the Higgs boson as depicted in Figure 2.4.
NLO QCD corrections are small in size [25, 26, 27, 28, 29] since no color charge is
exchanged between the quarks lines at LO, hence the corrections arise merely from
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qq¯
q q
q¯
q¯
q
q
q¯
q¯
q¯
h
h
q¯
V ∗
V ∗
V ∗
V ∗
V ∗ V ∗
Figure 2.4: Leading order t-,u- and s-channel diagrams to the vector boson fusion
process
vertex contributions to the quark anti-quark vector boson vertex and from gluon
radiation up to NLO. Mainly by virtue of including real photon corrections in the
initial state the theoretical uncertainties of electroweak corrections combined with
the NLO QCD contributions, estimated by the scale variation, are reduced to the
per-cent level [26, 30].
In the intermediate mass range MH . 2MZ Higgs-strahlung off vector bosons plays
a significant role. The LO cross section described by the first two diagrams in
Figure 2.5 can be factorized into a Drell-Yan like part q¯q → V ∗ and into a part
which only contains the radiation of a Higgs off a virtual gauge boson. Higher-order
QCD corrections can be inferred from the Drell–Yan process and increase the cross
section by about (30%) [31, 32, 33]. The relative NNLO corrections are only small
[34]. NLO electroweak corections to this process lead to a decrease of the total
cross section by 5−10% [35]. Additional contributions to HZ-production at NNLO
come from the gluon-gluon initiated diagram, the third in Figure 2.5. The residual
theoretical uncertainty in Higgs-strahlung is estimated at around O(5%) [34]
d, u
d¯, u¯
W ∗
W
h q
q¯
Z∗
h
Z
g
g
t
t
t
t
h
Z
Figure 2.5: Diagrams contributing to the LO cross section in associated Higgs pro-
duction with W/Z-bosons
For Higgs masses below MH ∼ 150 GeV Higgs radiation off top quarks is a rele-
vant production process. Although the LO calculation already is quite involved the
process plays an essential role in the determination of the fundamental top-Yukawa
coupling since the cross section is directly proportional to this coupling. Full NLO
calculations increase the total hadronic cross section at most by ∼ 20% [36, 37, 38]
whereas the scale dependence decreases from O(50%) to O(10%). The production
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process is plagued by large background processes as tt¯bb¯, tt¯jj, tt¯γγ, tt¯Z and tt¯W+W−
production which experimentally increases the difficulties to separate the signal from
the background.
q
q¯
g
t
t¯
H
g
g
t
t¯
H
g
g
H
q
q¯
Figure 2.6: Generic diagrams contributing at LO to the Higgs production in associ-
ation with a tt¯-pair
All four relevant production cross sections at the LHC are depicted in Fig. 2.7. The
blue line represents the gluon fusion cross section which is the dominant produc-
tion mechanism at the LHC over the entire mass range. Vector-boson-fusion, the
red band, becomes competitive to the gluon fusion for large Higgs masses. Higgs
radiation off electroweak vector bosons as well as Higgs bremsstrahlung are subdom-
inantly contributing.
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→
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Figure 2.7: Total hadronic cross section of all relevant Higgs production processes
at the LHC including their theoretical uncertainties [21].
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2 Minimal Supersymmetric Standard Model
Although the Standard Model of Particle Physics provides an excellent descrip-
tion of the matter building blocks of the universe it can only partly solve the puz-
zles towards a ’theory of everything’: Gravity, the fourth known force, cannot be
consistently included into the quantum field theoretical framework due to its non-
renormalizability. The origin of electroweak symmetry breaking, introduced ad-hoc
in the SM by the Higgs–Kibble mechanism, calls for a thorough explanation. More-
over, equal amounts of baryonic matter and anti-matter should be present in the
universe. However, cosmological observations indicate a baryonic asymmetry that
cannot be explained within the SM. Besides the ’visible’ matter, dark matter was
hypothesized in order to explain the discrepancies between the predicted and ob-
served value of the mass of large astronomical objects. Dark matter constituents
are believed to only weakly interact with the baryonic matter and do not absorb
or emit photons at a significant level. Dark energy, hypothesized to explain the
accelerating expansion of the universe, is not consistent with the quantum vaccum
of the SM. If one assumes that the SM is valid up to the Planck scale the mass of the
Higgs is unprotected against quantum corrections thus requiring an unnatural fine
tuning. Within the SM baryon number is conserved, thus the proton cannot decay
at the classical level. At the quantum level the baryonic current is not conserved
due to the U(1)B Adler-Bell-Jackiw anomaly. The proton decay rate due to this
CP-violating terms has to be unnaturally fine-tuned in order to match the experi-
mental data. As we have seen in section 1 the SM contains three kinds of families of
leptons and quarks and it needs 19 input parameters to make physical predictions.
The excistence of 3 baryonic families and the input parameters are yet unexplained.
One possibility to answer some of the open questions is provided by supersym-
metric extensions of the Standard Model. As the name reveals, supersymmetric
theories (SUSY’s) can be constructed by the assumption of a space-time symmetry
which relates the known particle spectrum to their supersymmetric partners. The
Coleman-Mandula theorem, however, states that there cannot exist further bosonic
symmetries than the Poincare and the Lie-algebras of internal gauge symmetries.
The only way to to circumvent this no-go theorem is to impose fermionic operators
in order to transform bosonic into fermionic states and vice versa,
Q|Boson〉 = |Fermion〉, Q|Fermion〉 = |Boson〉. (2.23)
Referring to [39] these operators can be included into a Z2-graded Lie algebra where
the odd (fermionic) operators belong to the representation (1
2
, 0) and (0, 1
2
) of the
homogeneous Lorentz group and the even generators are a direct sum of the Poincare
algebra and other internal symmetries In the following we concentrate on N = 1
SUSY’s with N referring to the number of supersymmetries, e.g. the number of
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distinct copies of Q,Q†. The graded Lie-algebra is defined by (anti-) commutation
rules
[Pµ, Pν ] = 0, (2.24)
[Mµν , Pρ] = i(ηνρPµ − ηµρPν), (2.25)
[Mµν ,Mρσ] = −i(ηµρMνσ − ηµσMνρ − ηνρMµσ + ηµσMµρ), (2.26)
{Qa, Q†b} = 2(σµ)abPµ, (2.27)
[Qa, Pµ] = 0, (2.28)
[Mµν , Qa] = −i(σµν)abQb, (2.29)
[Qa, R] = (γ5)abQb. (2.30)
where Pµ and Mµν are the generators of the Poincare group representing space-
time translations and homogeneous Lorentz transformations while the Qa are two
component Weyl spinor and R is an axial U(1) generator.
The particle spectrum of SUSY is then described by supermultiplets which contain
the SM particles and their superpartners. Moreover, each supermultiplet contains
an equal number of fermionic and bosonic degrees of freedom. In a particular case
one multiplet consists of a two component Weyl spinor and two real scalars and is
called chiral supermultiplet. Another possibility is provided by a vector multiplet
where a massless spin-1 gauge boson with two helicity states is accompanied by a
massless Weyl fermion, the gaugino. The latter vector multiplet can be imbedded
in renormalizable theory whereas a supermultiplet with a spin-3
2
fermion cannot.
Gravity can be included via a spin-2 graviton in combination with its superpartner,
the spin-3
2
gravitino.
In the minimal supersymmetric extension of the SM the known particles have to be
incorporated in either a chiral or vector multiplet. Quarks and leptons live in chiral
multiplets with their superpartners, the squarks and sleptons. The vector bosons of
the Standard model, including gluons, W - and B-bosons occur together with their
spin 1/2-partners, the winos and binos as members of vector supermultiplets. After
the electroweak symmetry breaking the corresponding gauginos W˜ 0 and B˜ mix to
zinos and photinos.
In order to render the MSSM anomaly-free the Higgs boson must reside in two chiral
supermultiplets Hu and Hd with hypercharge Y = 1/2 and Y = −1/2 respectively.
The corresponding superpartners are the Higgsinos. Apart from the anomaly free-
dom and due to the analyticity of the MSSM the two doublets are needed to give
different Yukawa couplings to the up and down type quarks. The overall particle
spectrum of the MSSM is depicted in Tab. 1.
One can define an R-parity by
PR = (−1)3B−L+2s.
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Names spin 0 spin 1/2 SU(3)C , SU(2)L, U(1)Y
squarks, quarks Q (u˜L d˜L) (uL dL) ( 3, 2 ,
1
6
)
(×3 families) u¯ u˜∗R u†R ( 3, 1, −23)
d¯ d˜∗R d
†
R ( 3, 1,
1
3
)
sleptons, leptons L (ν˜ e˜L) (ν eL) ( 1, 2 , −12)
(×3 families) e¯ e˜∗R e†R ( 1, 1, 1)
Higgs, higgsinos Hu (H
+
u H
0
u) (H˜
+
u H˜
0
u) ( 1, 2 , +
1
2
)
Hd (H
0
d H
−
d ) (H˜
0
d H˜
−
d ) ( 1, 2 , −12)
Table 1: Scalar supermultiplets in the MSSM.
Names spin 1/2 spin 1 SU(3)C , SU(2)L, U(1)Y
gluino, gluon g˜ g ( 8, 1 , 0)
winos, W bosons W˜± W˜ 0 W± W 0 ( 1, 3 , 0)
bino, B boson B˜0 B0 ( 1, 1 , 0)
Table 2: Vector supermultiplets in the MSSM.
where s is the spin and B, L the baryon number and the lepton number of the
corresponding particle. While SM particles possess an even R-parity (PR = +1)
squarks, sleptons, gauginos and higgsinos have odd R-parity (PR = −1). Assuming
the global U(1)-symmetry being preserved the lightest PR = −1 sparticle (LSP)
must be stable. Additionally, if the LSP is electrically neutral, thus only weakly
interacting with ordinary matter, it is an attractive candidate for non-baryonic dark
matter.
Furthermore, Grand unified theories (GUT’s) not only unify the strong and the
electroweak theory but also provide a theory describing the decay of the proton.
However, the proton lifetime is larger than 10+32 years contrary to the theoretical
predictions of at least 10+31 years. Supersymmteric GUT’s suppress the decay rate
and lead to a prediction of the electroweak mixing angle in agreement with mea-
surements. Moreover, the Higgs mechanism can be explained by SUSY-GUT’s due
to radiative corrections to the Higgs mass which alter the effective Higgs potential
to negative values of the squared of the Higgs mass.
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2.1 The MSSM Higgs sector
Due to a lack of symmetry the SM Higgs mass receives huge radiative corrections
due to fermion, vector boson and self-coupling contributions. Neglecting the vector
boson and self energy contributions and assuming the fermion mass is heavy com-
pared to the Higgs mass, the loop momenta of the scalar can be neglected leading
to the correction
∆M2H =
∑
f
y2f
8pi2
[
−Λ2 + 6m2f ln
Λ
mf
− 2m2f
]
+O(1/Λ2) (2.31)
where yf =
√
2mf/v is the corresponding Yukawa coupling, mf the fermion mass
and Λ the UV-cutoff. If new physics would be present at the GUT-scale, MGUT ∼
1016 GeV, or the Planck-scale, MP ∼ 1018 GeV one must add a counterterm that
requires an unnatural fine tuning of 28− 32 digits. Supersymmetric theories as the
MSSM contain NS = 2NF scalars corresponding to the heavy fermions in the same
multiplet. In our toy model the Higgs mass thus obtains additional corrections due
to scalar one-loop diagrams of the kind
∆M2H = −
ys
16pi2
[
−Λ2 + 2m2s ln
Λ
ms
]
− λ
2
s
16pi2
v2
[
−1 + 2 ln Λ
ms
]
+O
(
1
Λ2
)
(2.32)
If one assumes that the Higgs coupling to the scalars fulfills ys = y
2
f the quadratic
divergences cancel leaving a total correction
∆M2H =
∑
f
y2f
4pi2
[
(m2f −m2s) ln
Λ
ms
+ 3m2f ln
ms
mf
]
+O
(
1
Λ2
)
. (2.33)
The logarithmic divergence also cancels if ms = mf . This would require an exact
supersymmetry which is not the case in the MSSM where a non-degeneracy of the
SM particles and the sparticles is assumed. However, this non-degeneracy of the
masses, imposed by soft symmetry breaking terms, is expected to be small in order
not to violate fine-tuning bounds on the Higgs mass.
As mentioned earlier, the Higgs field can be parametrized by two doublets
H1 =
 H01
H−1
 , H2 =
 H+2
H02
 (2.34)
where the +,− and 0 superscripts indicate the electric charge. The Higgs potential
can be derived via the superfield and superspace formalism as
VH =m¯
2
1(|H01 |2 + |H−1 |2) + m¯22(|H2|0 + |H+2 |2)− m¯23(H−1 H+2 −H01H02 + h.c.)
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+
g2 + g′2
8
(|H01 |2 + |H−1 |2 − |H02 |2 − |H+2 |2)2
+
g′2
2
|(H−1 )∗H01 + (H02 )∗H+2 |2 (2.35)
where we defined the mass squared terms as
m¯21 = |µ|2 +m2H1 , m¯22 = |µ|2 +m2H2 , m¯23 = Bµ (2.36)
The parameter µ originates from the F -term of the superpotential while the param-
eters B, m2H1 and m
2
H2
can be attributed to the soft SUSY-breaking scalar Higgs
mass terms. The electroweak symmetry is hidden in a similar fashion as in the SM.
In the MSSM, however, the two neutral components aquire two different vacuum
expectation values
〈H01 〉 =
v1√
2
, 〈H02 〉 =
v2√
2
. (2.37)
Minimizing the scalar potential at the electroweak minimum, ∂VH/∂H
0
1 = ∂VH/∂H
0
2 =
0, using the relation
(v21 + v
2
2)
2 = v2 =
4M2Z
g22 + g
2
1
(2.38)
and defining the parameter
tan β =
v2
v1
(2.39)
one obtains two minimizing conditions
Bµ =
(m2H1 −m2H2) tan 2β +M2Z sin 2β
2
(2.40)
µ2 =
m2H2 sin
2 β −m2H1 cos2 β
cos 2β
− M
2
Z
2
(2.41)
The physical quantum fluctuations of the Higgs field around the vacuum expectation
values can be split into real and imaginary parts. The real parts then correspond to
the neutral CP-even Higg bosons whereas the imaginary parts represent the CP-odd
Higgs and the Goldstone bosons. In order to obtain the tree level masses of the 5
physical Higgs particles one has to diagonalize the mass matrix
M ij =
∂2VH
∂Hi∂Hj
∣∣∣∣
〈H01 〉= v1√2 ,〈H02 〉=
v2√
2
,〈H±1,2〉=0
(2.42)
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The eigenvalues of the diagonalized mass matrix then lead to the physical Higgs
masses of the neutral CP-even, CP-odd, charged Higgs and Goldstone bosons at
tree level.
m2H,h =
1
2
[
m2A +m
2
Z ±
√
(M2A +m
2
Z)
2 − 4m2Am2Z cos2(2β)
]
, (2.43)
m2A =
2m23
sin 2β
, (2.44)
m2G =0, (2.45)
mH± =m
2
A +m
2
W , (2.46)
mG± =0. (2.47)
The Yukawa coupling of the fermions to the Higgs field is given by the following
Lagrangian
Ly,MSSM =
∑
u
yuuu¯H
0
2 +
∑
d
yddd¯H
0
1 (2.48)
where yu,d are the Yukawa couplings of the up and down type quarks. In case of the
pseudoscalar Higgs the couplings read
yAuu =
mu
v
cot βγ5, yAdd =
md
v
tan βγ5 (2.49)
2.2 Pseudoscalar Higgs boson production and decay at the
LHC
For small and moderate values of tan β the gluon fusion process gg → A via a top
or bottom triangle is the dominant production mechanism. While for tan β . 5
the top-quark contributions are dominating bottom loops become relevant for larger
values of tan β. NLO corrections have been calculated in the limit of a heavy top
quarks in Ref. [40, 41] as well as by including the full mass dependence in Refs. [24].
For smaller values of tan β they lead to an increase of the cross section by O(100%)
whereas for large tan β the increase amounts to about O(40%). NNLO calculations
are only available in the heavy top-quark limit, first published in Refs. [42, 43, 44].
Due to the similarities to the SM Higgs production resummation of large logarithms
at NNLL has been performed in the limit of a heavy top-quark [45]. In this thesis
we will review the fixed order calculations and improve the resummation in case of
a pseudoscalar Higgs by including mass effects of the top-quark.
Subdominantly contributing for small values of tan β Higgs-bremsstrahlung off a
bb¯-pair plays a significant role at large tan β while Higgs radiation of top quarks is
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smaller by one order of magnitude. For large values of tan β the process gg/gg →
bb¯ + A forms the dominant production process. NLO QCD corrections again turn
out to be large due to large logarithms which appear by virtue of the integration
over the transverse momenta of the final state bottom quarks [46, 47]. In order to
rescale these large logarithms one has to introduce bottom-quark densities inside
the proton and exploit their DGLAP evolution equations. Within this five flavor
scheme approach, starting with the LO process bb¯ → A, NLO [48, 49] and NNLO
[50] contributions are moderate in size if the running scale of the bottom mass is
chosen of the order of the Higgs mass MA. Both results in the 4FS and the 5FS will
converge against the same value at higher perturbative orders.
The overall situation in case of the pseudoscalar Higgs production is depicted in Fig.
2.8 in the mmaxh benchmark scenario [51]. The grey solid line represents the gluon
fusion process at a c.m. energy s = 7 TeV and tan β = 5 in (a) and tan β = 30
in (b) while the solid black line constitutes the pseudoscalar Higgs production in
association with a bottom pair in the combination of 4FS+5FS.
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Figure 2.8: Total hadronic cross section of the MSSM neutral Higgs boson pro-
duction via gluon fusion and Higgs radiation off bottom quarks for a c.m. energy√
s = 7 TeV for tan β = 5 (a) and tan β = 30 (b)
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Chapter 3
Resummation
1 Quantum Chromodynamics
The aim of this section is to give a short introduction to Quantum Chromodynamics
(QCD) as a basis of the main subject of this thesis, namely resummation. Starting
from the basic Lagrangian, the theory of QCD suffers from infrared and ultravio-
let divergences since certain statistical and quantum mechanical constructions are
ill-defined. This ’illness’ can be cured by the renormalization of quantum field op-
erators. The effect of this redefinition of the Quantum field theory results in the
appearance of large logarithms of unphysical scales. These contributions turn out
to be universal, thus their structure can be predicted up to all orders. Nonetheless,
in this context fixed order calculations of physical observables help to estimate and
to improve the theoretical predictions. We have selected three kinds of processes to
review the origin of the mentioned divergences in QCD and how to treat them in
order to render QCD finite. Nevertheless, kinematical artifacts remain divergent in
particular regions of the phase-space. At the end of this section we will discuss to
the origin and basis for a resummation of large logarithms present in fixed higher
order calculations.
1.1 Basics of QCD
Historically the theory of Quantum Chromodynamics was born due to the interplay
of theoretical developments and experiments, such as the quark model of hadron
states, the current algebra by virtue of analysis of flavor symmetries of strong inter-
actions, the development of non-abelian gauge theories, asymotic freedom and the
oberservation of the weakness of the strong force in Deep Inelastic Scattering (DIS).
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The kinematics to describe the interactions of the quarks as a Dirac field ψ and the
gluons as gauge fields Gµ can be extracted from an SU(3) Yang-Mills Lagrangian in
Lorenz gauge.
L = LGI + LGF + LGC (3.1)
with
LGI = ψ¯0(i /D −m0)ψ0 − 1
4
(Ga(0)µν)
2 (3.2)
LGF = − 1
2ζ0
(∂ ·G(0)a)2 (3.3)
LGC = ∂µη¯0a∂µη0a + g0∂µη¯0cfabcGb(0)µη0a. (3.4)
The covariant derivative is given by
Dµψ0 = (∂µ + igs(0)t
aGa(0)µ)ψ0 (3.5)
where ta are the generators of the SU(3) group. The gluon field strength tensor is
Ga(0)µν = ∂µG
a
(0)ν − ∂νGa(0)µ − g0fabcGb(0)µGc(0)ν (3.6)
where fabc are the fully antisymmetric structure constants of the gauge group, defined
by [ta, tb] = ifabctc. Imposing local gauge transformations
ψ0(x)→
[
e−igoαa(x)t
a]
ψ0(x) (3.7)
Ga(0)µ(x)t
a → −i
g0
e−ig0αa(x)t
a
Dµe
ig0αa(x)ta (3.8)
the Lagrangian in Eq. (3.1) is manifestly invariant under SU(3) gauge transforma-
tion. The gauge fixing term Eq. (3.3) is needed to define the gluon field propagator.
A common choice for this kind of covariant gauges is the Feynman (ζ(0) = 1) or
Landau (ζ(0) = 0) gauge. In the path integral formalism the Fadeev-Popov method
then requires, dependent on the gauge fixing condition, the introduction of anticom-
muting scalars, the Fadeev-Popov ghosts. These fields obey the wrong spin statistics
but ensure the cancellation of unphysical gauge boson polarizations. In axial gauges
LGF = − 12ζ0 (n · G(0)a)2, with n beeing another vector, no ghost fields are needed
but the form of the gluon field propagator become more complicated. We used the
subscript 0 or (0) for the bare quantities. Quantum field theories as QCD suffer
from UV divergences when the continuum limit is taken. Diagrammatically these
divergences appear due to large loop momenta which can be regularized, e.g. in
dimensional regularization. The renormalization procedure comprises the redefini-
tion of the bare parameters of the Lagrangian in terms of physical parameters. The
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aim is to obtain finite Greens functions which can be realized due to the change of
normalization of the field wave function
G(0)µ = Z
1/2
3 Gµ, ψ0 = Z
1/2
2 ψ and η0 = Z˜
1/2
2 η. (3.9)
The counterterm approach then organizes the QCD-Lagrangian into three parts
L = Lfree + Lint + Lc.t.. (3.10)
with
Lfree = ψ¯(i /D −m)ψ − 1
4
(Gaµν)
2 − 1
2ζ
(∂ ·Ga)2 + ∂µη¯a∂µηa (3.11)
Lint = −gµψ¯ta /Gaψ + gµfabcGbµGcν∂µGaν −
g2µ2
4
(fabcG
b
µG
c
ν)
2 (3.12)
+ gµfabc∂
ν η¯cGbµη
a (3.13)
Lc.t. = (Z2 − 1)ψ¯i/∂ψ −
(
g0Z2Z
1/2
3 − gµ
)
ψ¯ /G
a
taψ + . . . (3.14)
The free Lagrangian Lfree contains all the free propagators while the Lagrangian Lint
includes the interation terms with the renormalized couplings. The third term in
Eq. (3.10) depicts the counterterm Lagrangian which is needed to cancel the UV
divergences from the basic interaction vertices. Feynman rules can be derived, e.g.
by the path integral formalism, see Figure 3.1. Independent of the renormalization
prescription the counterterm propagators and vertices shall only cancel the UV
divergences. In dimensional regularization additional -dependent factors appear
due to angular phase space integrations. The commonly used subtraction formalism
in QCD is the MS-scheme [52] which cancels not only the UV divergences but also
subtracts universal constant terms. To be precise, the relations between the bare
parameters and the renormalized quantities in the MS-scheme for each loop are
gd(0) = gsµ

[
1 + g2sS
B11

+ g4sS
2

(
B22
2
+
B21

)
+ . . .
]
(3.15)
Z2 = 1 + g
2S
Z2,11

+ g4S2
(
Z2,22
2
+
Z2,21

)
+ . . . .
where we define
S =
(4pi)
Γ(1− ) (3.16)
The bare strong coupling does not depend on the introduced renormalized scale µ
d
dµ2
g0(µ, g(µ), ) = 0 (3.17)
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n, νm, µ
nm
j, f ′i, f
n, νa, α
m, µ
k1
k2
q
a, α
ψjψ¯i
m,µ
s, σ r, ρ
n, ν
p2
q
p1
k2
k1
k4
k3
a, α
cnc¯m
k2
q
k1
i∆mnµν (k)
iDmn(k)
iSff
′
ij (k)
−iδmnk2
[
gµν − (1− ξ)kµkνk2
]
iδ
mn
k2
i δ
ijδff
′
kµγµ−mf
gfamn [gµν(k1 − k2)α + gαν(k2 − q)µ
+gαµ(q − k1)ν ]
iΓAaαAmµ Anν (k1, k2)
iΓcnAaαc¯m(q,−k1)
iΓψjAaαψ¯i(q,−p1)
gf amnk1α
igγα(ta)ij
−ig2 [fmsef ern(gµρgνσ − gµνgρσ)
+fmnef esr(gµσgνρ − gµρgνσ)
+fmref esn(gµσgνρ − gµνgρσ)]
ΓAmµ AnνArρAsσ(k2, k3, k4)
Figure 3.1: Feynman Rules in QCD in covariant gauge
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Using Eq. (3.15) this leads to the running coupling equation
d
d lnµ2
αs = β(αs), β =
∞∑
n=1
g2n+2
8pi2
nBn1 (3.18)
The coefficients β can be found in Appendix A. This invariance is a general feature of
renormalized Quantum Field Theories, i.e. in the full theory physical quantities are
renormalization-group invariant. Assuming that these observables R only depend
on the energy scale Q and neglecting all quark masses R depends on the ratio Q2/µ2
and the renormalized coupling αs. Applying the RG-equation to R leads to[
µ2
∂
∂µ2
+ µ2
∂αs
∂µ2
∂
∂αs
]
R
(
Q2/µ2, αs(µ
2)
)
= 0 (3.19)
as well as to the running coupling equation. The solution of the running coupling
equation as well as the initial condition of the solution to Eq. (3.19), R(1, αs(Q
2)),
resum correctly logarithms of the kind αms ln
n(Q2/µ2) with m being the respective
loop order. The solution to the running coupling equation is explained in A and the
restauration of the scale dependence of cross sections can be found in C. The crucial
difference to QED is that the running coupling becomes small for large values of µ.
This property is called asymptotic freedom and is related to the negative sign of the
beta function (see Appendix A). Diagrammatically the inclusion of the triple gluon
vertex contribution causes this behavior contrary to QED. Physical quantities, e.g.
cross sections, can be calculated order by order of the strong coupling αs as we will
see in the next sections.
1.2 Electron-positron annihilation
As a starting point to perturbative QCD calculations we will contemplate the process
e+e− → hadrons for many reasons. Not just the process serves as an excellent test
of the color hypothesis of QCD and gave rise to the parton model, but also the
cancellation of soft an collinear singularities is a nice example of the infrared safety.
In the inclusive process the electron-positron initial state annihilate via a neutral
vector boson into a quark-antiquark pair. By confinement the quarks and gluons
subsequently form themselves into hadrons at timescales larger than the invariant
hard scattering process. Hereafter we only consider the annihilation process via a
photon at leading (LO) and next-to-leading order (NLO) in massless QCD. It can
easily be shown that the leptonic part factorizes from the hadronic one
σ =
e4
2Q6
LµνW
µν = σ0
[
1 +
αs
pi
(Cvc + Crc)
]
+O(α2s) (3.20)
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Figure 3.2: Lowest order cross section for the annihilation of an electron-positron
initial state to a quark anti-quark pair
where Q2 = q2 is the invariant mass of the lepton pair, σ0 the (4− 2)-dimensional
Born term,
Lµν = tr[/l2γ
µ/l1γ
ν ] = lµ1 l
ν
2 + l
µ
2 l
ν
1 − gµνl1 · l2 (3.21)
and
W µν(q) =
∫
d4xeiq·x〈0|jµ(x)jν(0)|0〉. (3.22)
Due to the conservation of the electromagnetic current jµ the hadronic tensor can
further be decomposed into
W µν = (−gµνq2 + qµqν) 1
6pi
R(Q2)θ(q0). (3.23)
Hence by contraction with the leptonic part the cross section can be written as
σ = σ0R(Q
2) (3.24)
with σ0 =
4piα2
3Q2
. R is defined in such a way that it reflects the ratio of qq¯ and µ+µ−
production in electron positron annihilation
R =
σ(e+e− → hadrons)
σ(e+e− → µ+µ−,LO, em) . (3.25)
At lowest order a straightforward calculation yields
R(0) = 3
∑
q
Q2q. (3.26)
The factor 3 originates from the sum over all quark colors and the sum is over all
accessible quark flavors of the corresponding charges Qf of the quarks. Only those
quarks which are above the threshold of the production a qq¯-pair are included in
the sum. Yet at lowest order and far below the Z-resonance experimental data
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[53] on the ratio R are in reasonable agreement with theoretical predictions which
besides the pi0-decay into two photons provides another verification of the three color
hypothesis. The main difference originates from the fact that one has to calculate
higher-order QCD corrections. At NLO corrections both from virtual and real gluon
emission diagrams have to be taken into account. The self energy contribution to
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p1
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q
k
(a) External self-energies
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(b) Vertex corrections
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(c) Real gluon emission
Figure 3.3: Virtual and real contributions to e+e− → qq¯
the external quark propagator in Feynman gauge can be written in the following
form
Σ(pi) = −ig2sµ2CF
∫
d4−2k
(2pi)4−2
γσ
/pi − /k
[(pi − k)2 + i0]γ
δ
(
gσδ
k2 + i0
)
. (3.27)
Since Σ(pi) = −i /piΣ¯(pi) and using dimensional regularization for the integration
over the loop momenta we get
Σ¯(pi) =
g2sCF
16pi2
(
4piµ2
−p2i
)
1

Γ(1 + )Γ(1− )2
Γ(1− 2)
(1− )
(1− 2) . (3.28)
By taking  to negative values and letting pi → 0 we can deduce that the two
external leg diagrams do not contribute to the total cross section. The vertex graph
can be calculated in a similar way giving a correction
δΓµ(q2) = −g2sµ2CF
∫
d4−2k
(2pi)4−2
Tr{γσ(/k + /p1)γµ(/k − /k2)γσ}
(k2 + i0)[(k + p1)2) + i0][(p2 + k)2 + i0]
(3.29)
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Due to the Ward identity and exploiting the Dirac equation for massless quarks the
vertex correction takes the form δΓµ(q2) = Γ¯(q2)γµ with
Γ¯(q2) = ig2sCF [2q
2C0(p1, p2, 0, 0, 0) + (3 + 2)B0(q
2, 0, 0)] (3.30)
where the scalar integrals of the three-point and the two-point functions can be
derived as
B0(q
2, 0, 0) =
Γ(1− )
Γ(1− 2)
(
1

+ 2
)
16pi4
(3.31)
C0(p1, p2, 0, 0, 0) =
Γ(1− )
Γ(1− 2)
(
1
2
+ pi
2
6
)(
1− pi22
2
)
16pi4s
. (3.32)
Since the virtual corrections contribute to the same final state as the Born term the
amplitudes must be added and squared as follows
|A0 + 2A(a)1 + A(b)1 |2 = |A0|+ 2Re(A0A(b)∗1 ) +O(α2s) (3.33)
Performing the phase-space integral over the two particle final state and factoriz-
ing off the d-dimensional Born term leads to the final expression for the virtual
corrections
Cvc =
(
4piµ2
q2
)
Γ(1− )
Γ(1− 2)CF
(
− 1
2
− 3
2
+
pi2
3
− 4
)
(3.34)
The computation of the real gluon emission graph contains the evaluation of the
three particle phase space resulting in the O(αs)-real corrections
Crc =
(
4piµ2
q2
)
Γ(1− )
Γ(1− 2)CF
(
1
2
+
3
2
− pi
2
3
+
19
4
)
(3.35)
The real and virtual corrections contain both IR-divergences containing soft-collinear
1/2- and collinear 1/-poles. As mentioned above the final result
R = R0
(
1 +
3
4
CFαs(µ
2
R) +O(α2s)
)
(3.36)
is IR-safe due to the Kinoshita-Lee-Nauenberg theorem [54, 55] and does not con-
tain any logarithms ln
(
Q2
µR
)
at this perturbative order due to the RG-invariance
of the ratio. At NNLO and higher orders UV-divergences appear which have to
be renormalized leading to results depending on the renormalization scale. Next
we want to review these kind of processes with hadrons in the initial state, discuss
the incomplete cancellation of infrared divergences in Deep Inelastic Scattering and
review the main concepts of the Parton Model.
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1.3 Deep Inelastic Scattering and Parton Model
In this section we will give an heuristic derivation of the Parton Model in QCD.
Deep Inelastic Scattering (DIS) processes generally stand for all the processes where
a lepton scatters off a hadron, e.g. a proton or a neutron. In case of a large momen-
tum transfer between the lepton and the hadron DIS serves as an excellent test of
probing the substructure of the hadron as well as the properties of its constituents,
called partons. Due to asymptotic freedom at short distances the hadron itself can
phenomenologically be described as a loosely bound state of quarks that are moving
with large longitudinal momentum along the direction of the hadron. Furthermore,
the partons itself cannot achieve a large transverse momentum. Thus, the only possi-
bility of energy transfer with a large invariant mass Q2 = −q2 is due to the exchange
of a vector boson of the electroweak sector, i.e. a photon or Z-boson. In this case
the quark is pulled out of the hadron which cannot be balanced out by subsequent
soft processes. The situation is depicted in figure 3.4. In the following we restrict
k
k′
q
p
p′
P
X
lepton
hadron
Figure 3.4: Diagramatic Picture of the DIS
ourselves to the case of electron-proton scattering. Similar to e+e−-annihilation into
hadrons it is convenient to decompose the cross section into a leptonic and into a
hadronic part. Starting from the generalized structure of the S-matrix element for
this process the cross section can be written as
dσ =
2α2
Q4s
d3k′
|k′0|
LµνdW
µν . (3.37)
27
The leptonic tensor can be determined as
Lµν =
1
2
Tr
[
/k
′
γµ/kγν
]
. (3.38)
while the hadronic tensor takes the form
W µ,ν(q, P ) =
1
8pi
∑
σ
∫
d4xeiq·x〈P, S|jµ(x)jν(0)|P, S〉 (3.39)
= −(gµν − q
µqν
q2
)W1(x, q
2) + (Pµ − qµP · q
q2
)(Pν − qνP · q
q2
)W2(x, q
2)
(3.40)
α is the fine structure constant, P and S the momentum and the spin of the in-
coming hadron and jµ the electromagnetic current. The notation 〈P, S| · · · |P, S〉 is
a shorthand notation for a trace with a spin density matrix. We also introduce the
Bjorken−x variable
x =
Q2
2P · q (3.41)
and for further issues we redefine the scalar functions F1 and F2 as
F1(x,Q
2) = 2W1(x,Q
2) F2(x,Q
2) =
P · q
x
W2(x,Q
2) (3.42)
As explained above, due to the absence of interactions of the partons among each
other during the electron-parton scattering the cross section for the hard scattering
may be computed by combining probabilities incoherently rather than amplitudes.
The naive parton model assumes that the constituents only carry a longitudinal
fraction ξ of the momentum of the proton.
p = ξP (3.43)
where 0 ≤ ξ ≤ 1. Furthermore, the probability of finding a parton a inside a proton
is called the parton distribution function (PDF) or parton density fa(ξ). Governed
by this factorization theorem the total hadronic cross section in DIS can be written
as
σDIS(x,Q
2) =
∑
a
1∫
x
fa,h(ξ)σˆDIS(
x
ξ
,Q2) (3.44)
where σˆDIS is the partonic cross section of electron-parton scattering and the sum
is over all possible types of a parton a. The theorem itself can also be applied to
the measurable structure functions
F1(x,Q
2) =
∑
a
1∫
x
dξ
ξ
Ca1
(
x
ξ
,
Q2
µ2
, αs(µ
2)
)
fa,h(ξ, , αs(µ
2)) +O
(
1
Q2
)
(3.45)
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F2(x,Q
2) =
∑
a
1∫
x
dξCa2
(
x
ξ
,
Q2
µ2
, αs(µ
2)
)
fa,h(ξ, , αs(µ
2)) +O
(
1
Q2
)
(3.46)
where Cai are the partonic coefficient functions that are calculable in perturbation
theory and higher-twist contributions of order O(1/Q2) are neglected. The fun-
damental content of the factorization theorem is the separation of short distance
effects, such as Q-dependence in the structure functions Fi, and long distance ef-
fects contained in the parton distributions. The scale µ is usually chosen to be equal
to the renormalization scale µR. The hadronic tensor Wµν as well as its partonic
equivalent Hµν can thus be expanded in a series of the strong coupling
Wµν(q, p) =
∑
n=0
(αs
pi
)n
W(n)µν (q, p) (3.47)
At the Born level the contribution to the partonic tensor can simply be determined
as
W(0)µν (q, p) =
1
8pi
∫
dn−1|p′|
(2pi)n−12p′0
Q2qTr
[
/p
′γµ/pγν
]
(2pi)n δ(n) (p′ − p− q) (3.48)
Contracting this tensor with −gµν and with pµpν leads to
−gµνW(0)µν = Q2q(1− )δ(1− z) = (1− )
F (0)2
z
− (3− 2)
[
F (0)2
2z
−F (0)1
]
pµpνW(0)µν =
Q2
4z2
[
F (0)2
2z
−F (0)1
]
(3.49)
The final result at the partonic level reads
F q,(0)1 (z,Q2) =
1
2
Q2qδ(1− z) (3.50)
F q,(0)2 (z,Q2) = Q2qδ(1− z) (3.51)
where
z =
Q2
2p · q (3.52)
We observe that the structure functions are independent of the momentum Q which
is called Bjorken scaling. Another interesting property of the parton model can be
deduced from Eq. (3.49), Eqs. (3.45) and (3.46), namely
2zF
q,(0)
1 = F
q,(0)
2 (3.53)
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which is the Callan-Gross relation. In accordance with experiments this relation
manifests the spin-1
2
property of the parton constituents, the quarks, since otherwise
for spin-0 partons the structure functions would be F
(0)
1 = 0 and F
(0)
2 6= 0 As we
approach higher-order corrections the Bjorken scaling and the Callan–Cross relation
is violated logarithmically. The NLO calculation of the hadronic tensor involves the
computation of virtual and real corrections as illustrated in Figure 3.5.
γ∗
γ∗γ∗
γ∗
γ∗
γ∗
g
gg
g
g
q
qq
qq
q
Figure 3.5: Born level contribution and NLO corrections to the partonic tensor Hµν
Again external leg corrections do not contribute as explained in section 1.2. Hence
we dedicade ourselves to the vertex correction which develops a similar form as the
final state corrections in the previous section. The one loop virtual corrections can
be calculated as
W(1,v)µν (q, p) =
1
8pi
∫
dn−1|p′|
(2pi)n−12p′0
Q2qTr
[
/p
′Γµ/pΓν
]
(2pi)n δ(n) (p′ − p− q) (3.54)
=W(0)µν (q, p)2Γ¯(Q2) +O(α∈∫ ) (3.55)
where we adopted Γ¯ from Eq. (3.29). The real corrections of the single gluon emis-
sion diagrams call for the evaluation of the two particle phase space in n-dimensions
H(1,r)µν (q, p) = −
1
8pi
∫
dn−1|p′|
(2pi)n−12p′0
∫
dn−1|l′|
(2pi)n−12l′0
Q2qTr
[
/p
′Sµσ/pSνσ
]
(2pi)n δ(n)(p′+l−p−q).
(3.56)
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where
Sµσ = −ig¯sTa
[
γµ
(/p− /l)
(p− l)2γ
σ + γσ
(/p′ + /l)
(p′ + l)2
γµ
]
. (3.57)
After combining the results of the real and virtual contributions we arrive at the
final result for the structure functions at one-loop level [56]
F q,(1)2 (z,Q2) =
1
2
Q2qz
[
−
(
4piµ2
Q2
)
Γ(1− )
Γ(1− 2)
1

P (0)qq (z) (3.58)
+CF
(
(1 + z)2
[
ln(1− z)
(1− z)
]
+
− 3
2
[
1
(1− z)
]
+
(3.59)
−(1 + z
2)
(1− z) ln(z) + 3 + 2z −
(
9
2
+
1
3
pi2
)
δ(1− z)
)]
(3.60)
F q,(1)1 (z,Q2) = F q,(1)2 (z,Q2)−Q2qCF z, (3.61)
where CF = 4/3. The plus distributions are defined as∫ 1
y
[
lnm(1− z)
1− z
]
+
g(z) =
∫ 1
y
[
lnm(1− z)
1− z
]
(g(z)− g(1))− g(1)
∫ y
0
dz
[
lnm(1− z)
1− z
]
.
(3.62)
Since the crossed channel γ∗g → qq¯ is not distinguishable from γ∗q → qg and of the
same order in the strong coupling the diagrams of figure 3.6 have also to be added.
Here we only want to give the final result
Fg,(1)2 (z,Q2) = −Q2q
1

P (0)qg (z)
(
4piµ2
Q2
)
Γ(1− )
Γ(1− 2) (3.63)
+
1
2
[
(z2 + (1− z)2) ln
(
(1− z)
z
)
+ 6z(1− z)
]
(3.64)
Fg,(1)1 (z,Q2) = Fg,(1)2 (z,Q2) +Q2qTR2z(1− z) (3.65)
where TR = 1/2.
We first notice that the difference
Fa,(1)2,L (z,Q2) = Fa,(1)2 (z,Q2)
1
2z
−Fa,(1)1 (z,Q2) a = q, g (3.66)
is finite at NLO as  → 0. However both Fa,(1)1 and Fa,(1)2 individually are not
finite although the infrared divergences cancelled completely. This can be related to
the configuration that the gluon is emitted collinear to the direction of the quark.
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Figure 3.6: NLO contribution to Fg,(1)i .
However, these infrared singularities can be absorbed in a redefinition of the parton
densities. Now we can determine the hard part of the coefficient functions
Cai = C
a,(0)
i +
αs
pi
C
a,(1)
i +O
(
α2s
)
, (3.67)
i.e. the part of the cross section which is finite for  → 0. Although the PDF’s
are not calculable in perturbation theory parton densities can be defined as matrix
elements in a hadronic state of fermion operators that count the number of partons,
quarks or gluons, which carry a momentum fraction ξ. The densities for quarks and
gluons are defined as [57, 58, 59]
fq/h(ξ) =
1
4pi
∫
dx−e−iξP
+x−〈P, S|ψ¯(0, x−, 0⊥)γ+Gψ(0, 0, 0⊥)|P, S〉 (3.68)
fg/h(ξ) =
1
2piξP+
∫
dx−e−iξP
+x−〈P, S|Ga(0, x−, 0⊥)+νGabGb(0, 0, 0⊥)+ν |P, S〉 (3.69)
where P± = (P 0 ± P 3)/√2, x+ = 0, x− = (x0 − x3)/2, γ± = γ0 ± γ3, Ga the field
strength tensor and
G = P exp
ig
x−∫
0
dy−G+c (0, y
−, 0⊥)Tc
 (3.70)
is a non-local operator that ensures the gauge invariance of the expressions above.
P indicates the path-ordering of the gluon fields G+(0, y−, 0⊥) in the G+ = 0 gauge.
At one loop the parton-in-parton densities read [60]
fa/b(ξ, ) = δabδ(1− ξ)− αs
2pi
1

(
4piµ2
µ2F
)
Γ(1− )
Γ(1− 2)P
(0)
ab (ξ) (3.71)
Finally, in order to determine the hard coefficients we simply expand the partonic
equivalent of Eq. (3.46) arriving at
F q,(1)2 (z,Q2) = Q2qδ(1− z) +
(αs
pi
)[
Q2qf
(1)
a/a(z, ) + C
a,(1)
2
(
z,
Q2
µ2
)]
+O (α2s)
(3.72)
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repectively,
Fg,(1)2 (z,Q2) = +
(αs
pi
)[
Q2qf
(1)
q/g(z, ) + C
g,(1)
2
(
z,
Q2
µ2
)]
+O (α2s) (3.73)
We want to note that the coefficients C
a,(1)
2 and C
g,(1)
2 are finite in  and furthermore
contain logarithms of the kind ln
(
Q2
µ2F
)
due to the renormalization of the bare parton
densities. Taking the derivative on Eq. (3.46) with respect to ∂/∂ lnµ2 we arrive at
the DGLAP evolution equations [61, 62, 63]
∂
∂ lnµ
fi/h(x, µ
2) =
∑
b
Pij(x, µ
2)⊗ fj/h(x, µ2) (3.74)
where ⊗ denotes the Mellin convolution
(f ⊗ g)(x) =
1∫
x
dξ
ξ
f
(
x
ξ
)
g(ξ) (3.75)
and the Altarelli–Parisi splitting functions obey the perturbative expansion
Pij(x, µ
2) =
∑
k
(αs
pi
)k+1
P
(k)
ij (x) (3.76)
The splitting functions can be found in Appendix A. The DGLAP equation (3.74)
is formally a (2Nf + 1)-dimensional intro-differential matrix equation of a vector of
quarks, anti-quarks and gluons.
∂
∂ lnµ
(
qi
g
)
(x, µ2) =
∑
qj ,q¯k
Pqiqj Pqig
Pgqj Pgg
⊗ (qj
g
) (x, µ2) (3.77)
This system of equations is most conveniently decoupled by using charge conjugation
and flavor symmetries. Due to the flavor independence of the gluon-quark and quark-
gluon splitting
Pgq = Pgqi = Pgq¯i , Pqg = 2NfPqig = 2NfPq¯ig (3.78)
any difference qi − qj and qi − q¯j decouples from the gluon. The singlet quark
distributions
qs =
Nf∑
r=1
(qr + q¯r) (3.79)
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couple maximally to the gluon distribution via
∂
∂ lnµ
(
qs
g
)
(x, µ2) =
Pqq Pqg
Pgq Pgg
⊗ (qs
g
) (x, µ2) (3.80)
The non-singlet quark distributions can further be decomposed into a flavor asym-
metrical part q±ns and a valence part q
v
ns via the combinations
q±NS,ik = (qi ± q¯i)− (qk ± q¯k), qvns =
Nf∑
r=1
(qr − q¯r) (3.81)
and due to the general structure of the (anti-)quark (anti-)quark splitting functions
Pqiqk = Pq¯iq¯k = δikP
v
qq + P
s
qq, Pqiq¯k = Pq¯iqk = δikP
v
qq¯ + P
s
qq¯ (3.82)
This leads to two additional independent differential equations
∂
∂ lnµ
q±ns(x, µ
2) = P±ns ⊗ q±ns(x, µ2) (3.83)
and
∂
∂ lnµ
qvns(x, µ
2) = P vns ⊗ q±v (x, µ2) (3.84)
where the non-singlet parton splitting functions are defined as
P ±ns = P
v
qq ± P vqq¯ ,
P vns = P
v
qq − P vqq¯ +NF (P sqq − P sqq¯) ≡ P −ns + P sns . (3.85)
The solutions of Eqs. (3.80), (3.83) and (3.84) can be derived analytically in Mellin
space since the integro-differential equations then become usual differential equations
as we will describe in Sec. 4.1.
1.4 Drell–Yan
Drell–Yan (DY) processes, first calculated at LO in [64], include the production of
a pair of leptons l+l− due to the collision of two hadrons of type A and type B.
hA(P1) + hB(P2)→ l+(k1)l−(k2) +X (3.86)
The production itself is mediated by an electroweak vector boson exchange of invari-
ant mass Q2 = qµqµ, e.g. an off-shell photon γ
∗ or Z-boson in case of the production
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of a µ+µ− pair. Another possibility includes the mediation by a W -boson into
a lepton-neutrino pair. However, for illustration issues we will not consider the
latter kind of processes as well as the case of the Z-boson exchange into leptons.
We frequently will use the ratio of the invariant mass Q2 over the center of mass
energy s. From the theoretical point of view this kind of processes provide two
mainly important subjects which are contents of this thesis. The factorization the-
orem, successfully confirmed by experiments in the case of DIS, can be extended to
hadron-hadron collision processes [65, 66, 67, 68, 69, 70]. In particular, the total
hadronic cross section in the naive parton model can be written as a weighting of
the partonic cross section by LO parton densities fa/hi(xi) which do not yet depend
on the unphysical factorization scale µF . Quarks and gluons which contribute to
the partonics sub-crossection are assumed to carry a fraction pi = xiPi of the mo-
mentum of the respective hadron hi similar to DIS. Higher-order corrections in DY
again develop ultraviolet and infrared divergences which can be cured by renormal-
ization of the strong coupling αs and the bare parton densities in order to determine
the finite coefficient functions ωab contained in the mass factorization formula of the
hadronic cross section
Q2
dσDY
dQ2
= σ0(τh, Q
2)W (τh, αs(µ
2
R),
Q2
µ2R
,
Q2
µ2F
) +O
(
1
Q2
)
,
W (τh, αs(µ
2
R),
Q2
µ2R
,
Q2
µ2F
) =
∑
a,b¯
Q2q
1∫
0
dx1
x1
dx2
x2
× f1,a/h(x1, µ2F )ωab¯(z, αs(µ2R),
Q2
µ2R
,
Q2
µ2F
)f2,b¯/h(x2, µ
2
F ) (3.87)
where σ0(τh, Q
2) =
4piα2
3NCs
is the Born cross section and
τh =
Q2
s
, z =
τh
x1x2
(3.88)
the kinematical variables that we frequently will use. The perturbative expansion
of the hard coefficient is
ωab =
∑
n
(αs
pi
)n
ω
(n)
ab (3.89)
where the normalization of the cross section is chosen in such a way that ω
(0)
ab =
δabδ(1 − z). Similar to DIS, the NLO hard function can be determined by first
exploiting the factorization of the amplitude into a leptonic and partonic part. The
latter requires the computation of virtual contributions to the initial qq¯ channel due
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to self-energy and vertex corrections. After performing the two-dimensional phase
space integration the virtual -dependent piece of the hard coefficient is
h
(1),v
qq¯ (z, αs(µ
2
R),
Q2
µ2R
,
Q2
µ2F
) = CF
(
4piµ2
Q2
)
Γ(1− )
Γ(1− 2)
(
− 1
2
− 3
2
+
pi2
3
− 4
)
(3.90)
Real contributions both in the quark anti-quark channel due to the emission of a
real gluon
h
(1),r
qq¯ (z, αs(µ
2
R),
Q2
µ2R
,
Q2
µ2F
) = CF
(
4piµ2
Q2
){
1
2
δ(1− z)− 1

(z2 + 1)
[
1
1− z
]
+
(3.91)
−(z2 + 1) ln z
[
1
1− z
]
+
+ 2(z2 + 1)
[
ln(1− z)
1− z
]
+
}
(3.92)
and the indistinguishable gluon-quark channel completes the NLO calculation. Still
the final partonic result
h
(1)
qq¯ (z, αs(µ
2
R),
Q2
µ2R
,
Q2
µ2F
) =
(
4piµ2
q2
)(
Rqq¯(z)− 1

P (0)qq (z)
)
(3.93)
h(1)qg (z, αs(µ
2
R),
Q2
µ2R
,
Q2
µ2F
) = CF
(
2NC
N2C − 1
)(
4piµ2
Q2
)(
Rqg(z)− 1
2
P (0)qg (z)
)
(3.94)
with
Rqq¯(z) = CF
{(
−4 + pi
2
3
)
δ(1− z) + 2(1 + z2)
[
ln(1− z)
1− z
]
+
−
(
1 + z2
1− z
)
ln z
}
(3.95)
Rqg(z) = −1
2
P (0)qg (z) ln
z
(1− z)2 −
TR
4
(7z2 − 6z − 1) (3.96)
suffers from collinear singularities in the splitting q → qg and in the splitting g → qq¯
of the initial state. These can be rendered finite in a similar fashion as in DIS. The
partonic equivalent to the factorization formula Eq. (3.87)
hab(x1, x2, αs(µ
2
R),
Q2
µ2R
,
Q2
µ2F
, ) =
∑
c,d
1∫
x1
dξ1
ξ1
1∫
x2
dξ2
ξ2
× f1,c/a(ξ1, µ2F , )ωab(
x1
ξ1
,
x2
ξ2
, αs(µ
2
R),
Q2
µ2R
,
Q2
µ2F
)f2,d/b(ξ2, µ
2
F , ) (3.97)
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enables us by using the parton-in-parton densities Eqs. (3.71) to determine the finite
partonic hard scattering cross section. Expanding Eq. (3.97) in terms of the strong
coupling on both sides gives the relation
ω
(0)
ab (x1, x2, αs(µ
2
R),
Q2
µ2R
,
Q2
µ2F
) =h
(0)
ab (x1, x2, αs(µ
2
R),
Q2
µ2R
,
Q2
µ2F
, ) (3.98)
(3.99)
and at one loop
ω
(1)
ab (x1, x2, αs(µ
2
R),
Q2
µ2R
,
Q2
µ2F
) = h
(1)
ab (x1, x2, αs(µ
2
R),
Q2
µ2R
,
Q2
µ2F
, ) (3.100)
+
1

(
4piµ2
Q2
)∑
c
1∫
x1
dξ1
ξ1
P
(0)
c/a(ξ1)h
(0)
cb (
x1
ξ1
, x2, αs(µ
2
R),
Q2
µ2R
,
Q2
µ2F
, ) (3.101)
+
1

(
4piµ2
Q2
)∑
d
1∫
x2
dξ2
ξ2
P
(0)
d/b(ξ2)h
(0)
ad (x1,
x2
ξ2
, αs(µ
2
R),
Q2
µ2R
,
Q2
µ2F
, ). (3.102)
For completeness we list the final result at one loop order in Drell–Yan [56]
W (τh, αs(µ
2
R),
Q2
µ2R
,
Q2
µ2F
) =
1∫
τh
dτ
τ
{∑
q
Q2q
dLqq¯
dτ
[
δ(1− z) + αs(µ
2
R)
pi
ω
(1)
qq¯ (z, αs(µ
2
R),
Q2
µ2R
,
Q2
µ2F
)
]
(3.103)
+
∑
qq¯
Q2q
Lgq
dτ
αs(µ
2
R)
pi
ω(1)gq (x1, x2, αs(µ
2
R),
Q2
µ2R
,
Q2
µ2F
)
}
(3.104)
with
ω
(1)
qq¯ (z, αs(µ
2
R),
Q2
µ2R
,
Q2
µ2F
) = −P (0)qq (z) ln
µ2F z
Q2
+ CF
{
2
[
pi2
6
− 2
]
δ(1− z) + 2(1 + z2)
[
ln(1− z)
1− z
]
+
}
(3.105)
ω(1)qg (z, αs(µ
2
R),
Q2
µ2R
,
Q2
µ2F
) = −1
2
P (0)qg (z) ln
µ2F z
Q2(1− z)2 +
TR
4
(1 + 6z − 7z2) (3.106)
Here we defined the parton luminosities as
dLab¯
dτ
=
1∫
τ
dx
x
[
fa/h1(x, µ
2
F )fb¯/h2(
τ
x
, µ2F ) + fb¯/h1(x, µ
2
F )fa/h2(
τ
x
, µ2F )
]
(3.107)
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Although the hard scattering coefficients are free of divergences due to the infrared
safety and the renormalization of the bare PDF’s we notice the appearance of plus
distributions both in DIS and in DY.This is a common property of higher order
perturbation theory. These distributions show a singluar behavior for z → 1 and
spoil the convergence of the perturbative expansion in this region. Near the partonic
threshold the initial state has just enough energy to produce the final state without
any further gluon emission forcing the gluons to be soft. At first sight this may cause
severe problems to the asymptotic convergence of the perturbative expansion. Thus,
the knowledge of higher order corrections especially in the soft gluon region is highly
desired. Fixed order calculations up to now only allow the determination of the hard
coefficients of the respective process up to a limited order. However, it was found
[71] that the coefficients of the leading plus distributions show a recurrent behavior
which lead to the basis for resumming the enhanced terms up to all orders. The
construction of factorization theorems in this kinematical region as well as exploiting
the independence of the cross section of the unphysical scale µ is called threshold
resummation or soft gluon resummation. The upcoming sections are devoted to
illuminate the technical aspect of resummation near the partonic threshold.
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2 Threshold Resummation in QCD
In the previous subsection we identified the sources of large logarithmical contribu-
tions in DIS and DY, namely the plus distributions. In this section we describe two
methods which consistently resum soft gluon effects. While the first work presented
in Ref. [72] assumes a factorization of the different sources of the enhanced contribu-
tions, the second [73] moreover presumes a kinematical and dynamical factorization
that eventually leads to the same results. The resummation is carried out in Mellin
space where the partonic cross section factorizes multiplicatively instead of having
an integral convolution form as it can be inferred from the DY cross section
hab(N,αs(µ
2
R),
Q2
µ2R
,
Q2
µ2F
, ) =
1∫
0
dzzN−1hab(z, αs(µ2R),
Q2
µ2R
,
Q2
µ2F
, )
=
∑
c,d
f1,c/a(N,µ
2, )ωab(N,αs(µ
2
R),
Q2
µ2R
,
Q2
µ2F
)f2,d/b(N,µ, ).
(3.108)
In the following subsections we try to give an although technical introduction to the
resummation in the Drell–Yan process.
2.1 Exponentiation of leading large logarithms
The foundation to both resummation techniques was laid due to the observation that
one is able to resum the leading logarithmical contributions up to all orders [71]. In
addition, factorization theorems enables one to systematically isolate the different
sources of these large logarithms. In particular, the resummation of the latter can
be performed by exploiting the renormalization group independence of the all-order
resummation formula. In the following subsection we review the factorization and
resummation based on the method described in Ref. [72]
2.1.1 Factorization near the partonic threshold in DY
As we have seen in previous sections factorization theorems play an essential role
in separating long distance from short distance effects, e.g. in DIS and DY. The
factorization formula in case of DY, Eq. (3.87) is valid for any kind of kinematical
region. However, as explained above, the basis of resummation is to first find and
isolate the source of the logarithmically enhanced terms. Without any proof we will
heuristically explain the main assumptions which lead to the factorization formula
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for z → 1. Similar to Eq. (3.97) light-cone parton-in-parton densities are used not
only to separate the universal collinear divergences from the hard scattering cross
section but also to isolate the soft-collinear sources of large logarithms. In the region
z → 1 the quark-in-quark parton density defined in the center of mass frame at fixed
energy reads [74]
ψq/q(x, 2p0/µ, ) =
1
2pi23/2
∞∫
−∞
dy0e
−ixp0y0〈q(p)|q¯(y0,0)1
2
v · γq(0)|q(p)〉 (3.109)
where q denotes the quark field and p its momentum. The matrix element is eval-
uated in Coulomb gauge, G0 = 0, with ζ being a gauge fixing vector, thus Eq.
(3.109) depends on the gauge fixing. The vector vµ is light-like and oriented in
the opposite direction to pµ. At LO ψq/q is normalized to δ(1 − x). Likewise the
anti-quark-in-anti-quark-density can be derived [74]
ψq¯/q¯(x, 2p0/µ, ) =
1
2pi23/2
∞∫
−∞
dy0e
−ixp0y0〈q¯(p)|Tr
[
1
2
v · γq(y0,0)q¯(0)
]
|q¯(p)〉 (3.110)
which fulfills ψq/q = ψq¯/q¯ as a consequence of charge conjugation conservation. We
note that only flavor diagonal parton-in-parton densities are considered since off-
diagonal parton functions show no singular behavior as z → 1. Furthermore, the
remaining piece of the scattering coefficient can further be decomposed into a part
that includes the wide-angle soft gluon radiation as well as into a part H that is
not singular for z → 1. Near the partonic threshold the general factorization form
is [72]
hqq¯(ω, αs(µ
2
R),
Q2
µ2R
,
Q2
µ2F
, ) = H
(
p1
µ
,
p2
µ
, ζ1, ζ2
)∫
dw
w
dw1
w1
dw2
w2
× ψq/q
(
p1 · ζ1
µ
,w1
Q
µ
)
ψq¯/q¯
(
p2 · ζ2
µ
,w2
Q
µ
)
× Uqq¯
(
w2
Q
µ
, v1, v2, ζ1ζ2
)
δ(w − w1 − w2 − ws). (3.111)
The δ-function contained in (3.111) fixes the n + 2 dimensional phase space of the
final state by the invariant mass of the lepton pair and the emission of n radiated
gluons in the initial state as
δ
Q2 −(p1 + p2 − n∑
i
ki
)2 = 1
s
δ
(
−(1− z)x1x2 + 2
∑n
i k
0
i
s1/2
+O ([1− z]2))
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=
1
s
δ
(
w − w1 − w2 − ws +O(w2)
)
(3.112)
where the weights are denoted as w = 1−z, w1 = 1−x1, w2 = 1−x2 and ws = 2
∑n
i k
0
i
s1/2
with
∑n
i k
0
1 the energy of the emitted gluons. Transforming Eq. (3.111) into Mellin
space gives the multiplicative formula
h˜ab(N,αs(µ
2
R),
Q2
µ2R
,
Q2
µ2F
, ) =
1∫
0
dzzN−1hab(z, αs(µ2R),
Q2
µ2R
,
Q2
µ2F
, )
= H˜
(
p1
µ
,
p2
µ
,
Q
µ
, αs(µ
2)
)
U˜
(
Q
Nµ
, αs(µ
2), v1, v2, ζ1, ζ2
)
× ψ˜q/q
(
p1 · ζ1
µ
,
Q
µN
)
ψ˜q¯/q¯
(
p2 · ζ2
µ
,
Q
µN
)
(3.113)
The comparison of Eq. (3.108) and Eq. (3.113) helps us to extract the infrared safe
hard scattering coefficient in Mellin space
ω˜qq(N,αs(µ
2
R),
Q2
µ2R
,
Q2
µ2F
) =
[
ψ˜q/q (N,µ
2, )
f˜q/q(N,µ2, )
]2
H˜
(
Q
µ
, αs(µ
2)
)
U˜
(
Q
Nµ
, αs(µ
2)
)
(3.114)
The ratio of the modified ψ and the general f parton distribution serves to render
this quantity finite. Since these distributions can be determined within perturbation
theory, as we have seen in DIS, the Sudakov resummation is subject to the next
section.
2.1.2 From RG-invariance to Sudakov resummation
With the disentangled form in Eq. (3.114) we are now ready to exploit the inde-
pendence of the all-order cross section both of the scale µ and of the gauge vectors
ζi
d
d lnµ
h˜qq¯(N) = 0 (3.115)
d
d(pi · ζi) h˜qq¯(N) = 0 (3.116)
The solution to both equations leads to the Sudakov-exponentiation. One important
assumption is that of the multiplicative renormalizability of the hard H, soft U and
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soft-collinear ψ functions. Hence, the scale dependence is determined by a set of
anomalous dimensions
µ
d
dµ
ln H˜
(
p1
µ
,
p2
µ
,
Q
µ
, αs(µ
2)
)
= −γH(αs(µ)) (3.117)
µ
d
dµ
ln U˜
(
Q
Nµ
, v1, v2, ζ1, ζ2, αs(µ
2)
)
= −γU(αs(µ)) (3.118)
µ
d
dµ
ln ψ˜i
(
pi · ζi
µ
,
Q
µN
, αs(µ
2)
)
= −γψi(αs(µ)) (3.119)
where we used the notation ψ1 = ψq/q and ψ2 = ψq¯/q¯. We further assume that
the anomalous dimensions are independent of the Mellin momentum N and of the
gauge vector ζ but dependent on the strong coupling at the scale µ. Henceforth,
Eqs. (3.117), (3.118), (3.119) require that the sum of the anomalous dimensions is
zero
γH +
∑
i
γψi + γU = 0 (3.120)
The solution of the soft function is
U
(
Q
Nµ
, v1, v2, ζ1, ζ2, αs(µ
2)
)
= U
(
1, v1, v2, ζ1, ζ2, αs(µ
2)
)
exp
 Q/N∫
µ
dλ
λ
γU(αs(λ
2))

(3.121)
where the initial soft scale Q
N
is chosen in a natural way such that U (1, v1, v2, ζ1, ζ2, αs(µ
2))
contains no large logarithmic contributions. Eq. (3.121) correctly resums the single
logarithmic terms in the soft function U . The jet function contains double loga-
rithms. Solving Eq. (3.119)
ψi
(
pi · ζi
µ
,
Q
µN
, αs(µ
2)
)
= ψi
(
pi · ζi
µ
, 1, αs(µ
2)
)
exp
 Q/N∫
µ
dλ
λ
γψi(αs(λ
2))
 (3.122)
only resums the single logarithmic contributions. The entire N -dependence of ψ can
be covered by exploiting the invariance of equation (3.119) under variation of the
combination pi · ζi
d
d lnµ
d
d ln(pi · ζi) lnψi = 0 (3.123)
as well as using Eq. (3.116) leading to a set of Sudakov anomalous dimensions
d
d lnµ
G
(
pi · ζi
µ
, αs(µ
2)
)
= γK
(
αs(µ
2)
)
(3.124)
42
dd lnµ
K˜
(
Q
Nµ
, αs(µ
2)
)
= −γK
(
αs(µ
2)
)
(3.125)
with
G = − ∂
∂(pi · ζi) lnH (3.126)
K˜ = − ∂
∂(pi · ζi) lnU. (3.127)
Due to gauge changes the jet functions exchange contributions with the soft part
via K˜ and with the hard part via H. Solving Eqs. (3.126) and (3.127) gives
G
(
pi · ζi
µ
, αs(µ
2)
)
+ K˜
(
Q
Nµ
, αs(µ
2)
)
= G
(
1, αs(Q
2/N2)
)
+ K˜
(
1, αs((pi · ζ1)2)
)
−
pi·ζi∫
Q/N
dξ
ξ
γK (αs(ξ)) (3.128)
The scales of the first two terms ins Eq. (3.128) are still unrelated. By using the
RGE equation (3.19) on K˜ Eq. (3.128) reads
G
(
pi · ζi
µ
, αs(µ
2)
)
+ K˜
(
Q
Nµ
, αs(µ
2)
)
= A′
(
αs
(
(pi · ζi)2
))− pi·ζi∫
Q/N
dξ
ξ
A (αs(ξ))
(3.129)
where we denoted the functions A and A′ by
A
(
αs(µ
2)
)
= γK
(
αs(µ
2)
)
+ β(g)
∂
∂g
K˜
(
1, αs(µ
2)
)
, (3.130)
and
A′
(
αs(µ
2)
)
= K˜
(
1, αs(µ
2)
)
+G
(
1, αs(µ
2)
)
(3.131)
Together with Eq. (3.122) the entire solution of the jet functions can be derived as
ψi
(
pi · ζi
µ
,
Q
µN
, αs(µ
2)
)
= ψi
(
1, 1, αs(µ
2)
)
exp
− µ∫
Q/N
dλ
λ
γψi(αs(λ
2))

× exp
− pi·ζi∫
Q/N
dξ
ξ
{∫ λ
Q/N
A
(
αs(ξ
2)
)− A′ (αs(λ2))}

(3.132)
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Finally, the solutions of the hard, soft and soft-collinear functions in Eqs. (3.121)
and (3.132) give the Sudakov resummation formulas
hab(N,αs(µ
2
R),
Q2
µ2R
,
Q2
µ2F
, ) = H
(
1, αs(Q
2)
)
× ψqq
(
1, 1, αs
(
Q2
N2
))
ψq¯q¯
(
1, 1, αs
(
Q2
N2
))
× U
(
1, αs
(
Q2
N2
))
× exp
− Q∫
Q/N
dξ
ξ
{∫ λ
Q/N
A
(
αs(ξ
2)
)−B (αs(λ2))}

(3.133)
where we have set pi · ζi and µ equal to Q. Eq. (3.133) provides an all-order
resummation formula for the DY cross section and attributes double logarithmic
contributions to the function A and single logarithmic contributions in
B
(
αs(µ
2)
)
= −1
2
γU
(
αs(µ
2)
)−∑
i=1,2
1
2
γψi
(
αs(µ
2)
)
+ A′
(
αs(µ
2)
)
(3.134)
Both functions can be determined by matching formula (3.133) with fixed-order
results. For practical reasons an alternative Sudakov exponentiation turns out to be
more efficient which we will describe in the next subsection.
2.1.3 Explicit calculation in DY and general organization of large loga-
rithms
Referring to [75] the general form of Eq. (3.133) obeys the Sudakov evolution equa-
tion in Mellin space
d
d lnQ2
h˜qq(N,αs(µ),
Q2
µ
, ) = Wqq(N,αs(µ),
Q2
µ
, )h˜qq(N,αs(µ),
Q2
µ
, ) (3.135)
The solution of Eq. (3.135) is
hqq(N,αs(µ),
Q2
µ
, ) = exp
 1∫
0
dzzN−1
∫ Q2/µ2
0
dλ
λ
Wi(z, λ, αs(µ
2), )
 (3.136)
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where we used the boundary condition h˜qq(N,αs(µ),
Q2
µ
= 0, ) = 1. Furthermore,
we use the RG invariance of Wqq under a rescaling of the parameter λ and expand
in a power series in αs leading to
h˜qq(N,αs(µ),
Q2
µ
, ) = exp
 1∫
0
dzzN−1
∫ Q2/µ2
0
dλ
λ
{
αs(λ, µ
2, )
pi
W (1)qq (z, 1, )
+
α2s(λ, µ
2, )
pi2
W (2)qq (z, 1, )
}]
(3.137)
This equation requires the solution of the d-dimensional RGE of the strong coupling
λαs(λ, αs(µ
2), ) = αs(µ
2) + γ(λ, )α2s(µ
2) +O(α3s) (3.138)
where we denote γ(λ, ) = β0
4pi
(λ− − 1). Expanding (3.137) on left hand side in
a power series of αs the coefficients Wqq can now be matched to the fixed oder
coefficients at one and two loops via
W (1)qq (N, 1, ) =
(
Q2
µ2
)
Q2
∂
∂Q2
h˜(1)qq (N,
Q2
µ2
, ), (3.139)
and
W (2)qq (N, 1, ) =
(
Q2
µ2
)2{
Q2
∂
∂Q2
(
h˜(2)qq (N,
Q2
µ2
, )− 1
2
[
h˜(1)qq (N,
Q2
µ2
, )
]2)
(3.140)
−γ ((Q2/µ2) , )Q2 ∂
∂Q2
h˜(1)qq (N,
Q2
µ2
, )
}
(3.141)
The general form at one loop in DY can be summarized as
W (1)qq (z, 1, ) = δ(1− z)f (1)qq () + z
(
g
(1)
qq (z, )
(1− z)1+2
)
+
+ r(1)(z, ) (3.142)
where inferring from Eqs. (3.90) and (3.92) the regular functions at z = 1 read
f (1)qq () =CF
(
1
2
− pi
2
3
)
 (3.143)
g(1)qq (z, ) =CF
(
1 + z2
)
(3.144)
r(1)(z, ) =0 (3.145)
The term δ(1− z)f (1)qq () generates those coefficients which are constant for large N
when we perform an explicit integration over λ. On the other side the integration
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of the plus distribution causes double and single logarithmically enhanced terms.
Treating the plus distributions as in Eq. (3.62) and rescaling the lambda integration
in order to absorb the factor (1− z)−2 into the integration measure we obtain
hqq = hqq(N,αs(µ),
Q2
µ
, )
× exp
CF 1∫
0
dz
(
zN−1+ − 1
1− z
)
(1 + z2)
Q2(1−z)2/µ2∫
0
dλ
λ
αs(λ, αs(µ
2), )
pi

× exp
[
−αs(µ
2)
pi
CF (
1
2
− pi
2
3
)
]
(3.146)
Although the r term is zero in Drell–Yan, we can safely neglect contributions of
this functions since they are of order O(1/N4). Finally the universal  collinear
singularity can be cancelled by the mass factorization formula (3.114) with [75]
fqq(N,Q
2, ) = exp
CF
2
1∫
0
(
zN−1 − 1
1− z
)
(1 + z2)
Q2/µ2∫
0
dλ
λ
αs(λ, αS(µ
2), )
pi
+ · · ·

(3.147)
The result in DY can be written in a generalized form
ωqq(N,αs(Q
2)) = Aqq(αs(Q
2))Iqq(N,αs(Q
2)) (3.148)
where the N -independent terms are contained in A and the Sudakov exponential is
Iqq(N,αs(Q
2)) = exp
− 1∫
0
dz
zN−1 − 1
1− z

(1−z)∫
(1−z)2
dλ
λ
g1[(αs(λQ
2)] + g2[αs(Q
2)]

 .
(3.149)
The functions g have the expansion
g1[α] =
∞∑
n=1
(αs
pi
)n
g
(n)
1 , g2[αs] =
∞∑
n=1
(αs
pi
)n
g
(n)
2 (3.150)
where the finite coefficients in the MS-scheme are [76]
g
(1)
1 = 2CF , g
(1)
2 = 0 (3.151)
g
(2)
1 = CACF
(
67
18
− ζ2
)
+NfCF
(
−5
9
)
(3.152)
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g
(2)
2 = CACF
(
101
27
− 11
3
ζ2 − 7
2
ζ3
)
+NfCF
(
−14
27
+
2
3
ζ2
)
(3.153)
The coefficient g
(1)
1 can easily be read off from Eqs. (3.146) and (3.147). Expres-
sion Eq. (3.149) organizes all large logarithms in the perturbative series, e.g. an
expansion in the strong coupling generates terms of the kind (αs/pi)
n(Q2) lnmN ,
n = 0, . . . ,∞, m ≤ n+ 1 in the exponent. Terms with m = n+ 1 are called leading
logarithms (LL), terms with m = n next-to-leading (NLL) and the ones with m < n
subdominant. In the convention of (3.149) the coefficient g
(1)
1 contributes to LL
while g
(2)
1 and g
(1)
2 contribute to NLL.
2.2 Alternative method and extension to subleading loga-
rithms
Similar to the method presented in [72] a factorization theorem underlies the re-
summation of large infrared singularities. The partonic cross section can be de-
composed into a soft part W which is logarithmically enhanced due to the plus
distributions and into a part which contains only hard virtual corrections due to the
delta-distributions [73]. For further discussions we neglect the latter since we saw
that the virtual contributions only lead to a constant behavior for large N . In the
following we only concentrate on the flavor non-singlet part (a = q, b = q¯) of W due
to the flavor conservation of the soft gluons. At one-loop the radiative factor in the
center of mass frame reads
ω˜ab
(
z, αs(µ
2
R),
Q2
µ2R
,
Q2
µ2F
)
=−
∫
dw
(1)
DY(q)δ(1− z) +
∫
dw
(1)
DY (q)δ
(
1− z − ω
E
)
(3.154)
where the momenta of the initial state partons are p01 = p
0
2 = E ∼
√
Q2/2. q
represents the momentum of the radiated gluon while ω denotes its energy. The
first term in Eq. (3.154) is the one-loop eikonal cross section for a virtual emission
of a soft gluon, fixed by the soft gluon unitarity. The second term depicts the real
radiation with the kinematical constraint of a single-emission phase space. The real
gluon emission probability dw is defined as
dw
(1)
DY(q) = −
d3q
4piω
|JDY(q)|2. (3.155)
where JDY is the eikonal current. The square of the latter can be calculated as
JµDY(q) = −CF
2p1 · p2
p1 · qp2 · q . (3.156)
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Higher-order calculations are more involved since non-Abelian correlations are present.
These correlations, however, cancel by gauge-invariance and the exponentiation of
the leading logarithms in the leading IR-approximation takes place. Transformed
into Mellin space the exponentiation of the single-gluon emission probability then
can be derived as
ln ω˜s−cqq¯ = ln ω˜qq¯
(
z, αs(µ
2
R),
Q2
µ2R
,
Q2
µ2F
)
=
∫
dq
(1)
DY(q)
αs(q
2
T )
pi
[(
1− ω
E
)N−1]
θ(E − ω)
=2
CF
pi
∫ 1
0
zN−1 − 1
1− z
∫ (1−z)2Q2
µ2F
dq2T
q2T
αs(q
2
T ) +O ((αs lnN)) . (3.157)
where we notice that the scale of the running coupling has been set to q2T since this
choice resums the leading IR-singularities. Exploiting the RGE the strong coupling
can be expressed as
αs
[
(1− z)q2] = αs(q2) [1− β0
2pi
αs(q
2) ln(1− z) +O(α2s)
]
. (3.158)
Subleading soft gluon radiation can be included into Eq. (3.157) due to the formal
replacement
αs
pi
CF → ADY(αs) (3.159)
where the function ADY possesses the following perturbative expansion
ADY(αs) =
∞∑
k=1
(αs
pi
)k
A
(k)
DY (3.160)
Thus the all-order resummation formula of the soft-collinear radiative factor can be
written as
ln ω˜s−cqq¯ = ln ω˜qq¯
(
z, αs(µ
2
R),
Q2
µ2R
,
Q2
µ2F
)
=
{∫ 1
0
dz
zN−1 − 1
1− z
∫ (1−z)2Q2
µ2F
dq2T
q2T
ADY
(
αs(q
2
T )
)}
(3.161)
Large angle soft gluon radiation can be included by modifying Eq. (3.157) with the
additional factor
ln ω˜intqq¯ = ln ω˜qq¯
(
z, αs(µ
2
R),
Q2
µ2R
,
Q2
µ2F
)
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={∫ 1
0
dz
zN−1 − 1
1− z DDY
(
αs((1− z)2q2T )
)}
(3.162)
where the function DDY obeys the perturbative expansion
DDY(αs) =
∞∑
k=2
(αs
pi
)k
D
(k)
DY (3.163)
The combination of soft-collinear and wide-angle soft-gluon effects up to all orders
can be cast into the following form
ω˜qq¯ = exp
{∫ 1
0
dz
zN−1 − 1
1− z
[∫ (1−z)2Q2
µ2F
dq2T
q2T
ADY
(
αs(q
2
T )
)
+DDY
(
αs((1− z)2q2T )
)]}
(3.164)
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We notice that the radiative factor in Eq. (3.164) is consistent with the one in
Eq. (3.149) as it has been demonstrated in Ref. [77]. In Chapter 5 we will utilize
the formalism and method described in this subsection to apply the soft gluon
resummation to the gluon fusion process.
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Chapter 4
Gluon fusion for scalar and
pseudoscalar Higgs
1 Fixed order QCD calculations
As mentioned briefly in section 1.3 the dominant production mechanism for a SM
Higgs is the gluon fusion. Historically, all relevant production processes and decays
for a scalar Higgs boson at hadron colliders were first calculated in Ref. [78]. The
calculations did, however, not involve the loop induced gluonic Higgs couplings
which was later pointed out in Ref. [79] in the context of Higgs decay into gluons.
The authors of Ref. [80] then calculated the leading-order diagram and studied the
numerical impact of the latter in hadron-hadron-collisions leading eventually to the
key observation of the dominance over the entire mass range at the LHC. In this
section we want to review the perturbative QCD corrections beyond leading order
for a scalar as well as for a pseudoscalar Higgs boson. We also deal with effective
Higgs theories which play an essential role in the determination of QCD corrections
at NLO and beyond.
1.1 Leading-order cross section and notations
The leading-order diagrams of the partonic subprocess gg → h,A are depicted in
Fig. 4.1. The Feynman rules can be inferred from Figs. 3.1, 2.1 and Eq. 2.49 in
order to compute the process at LO. The partonic cross section then reads
σˆabΦ(sˆ,M
2
Φ) = σ
Φ
0 ∆abΦ(z) (4.1)
where σˆabΦ is the partonic cross section for the process ab→ Φ+X. The field Φ can
either be H for a scalar Higgs or A for a pseudoscalar Higgs. The partonic labels a, b
51
gg
H,A
Figure 4.1: Leading order diagram for the process gg → H,A
denote the partons in the initial state and X can be any numbers of parton in the
final state. Throughout this section and for later issues we will use the convention
where the DY variable z
z =
τΦ
x1x2
, τΦ =
M2Φ
s
(4.2)
is extracted from the partonic cross section, i.e.
∆abΦ(z) = z GabΦ(z) (4.3)
The coefficient function GabΦ obeys an expansion in order αs and is computable
within perturbation theory
Gab(z;αs(µ
2
R),
M2H
µ2F
;
M2H
µ2F
) = α2s(µ
2
R)
+∞∑
n=0
(
αs(µ
2
R)
pi
)n
G
(n)
ab (z;
M2H
µ2F
;
M2H
µ2F
) (4.4)
The Born factor σΦ0 in both scalar and pseudoscalar cases is defined as
σΦ0 =
√
2GF
256pi
∣∣∣∣∣ ∑
q=t,b,c
AΦq (τ
Φ
q )
∣∣∣∣∣
2
, τΦq = 4m
2
q/m
2
Φ (4.5)
where GF = 1/(
√
2v2). The mass dependence of the Born term on the heavy quarks
is included in the scalar form factor
AHq (τ
H
q ) = g
H
q τ
H
q [1 + (1− τHq )f(τHq )], (4.6)
respectively for a pseudoscalar Higgs
AAq (τ
A
q ) = g
A
q τ
A
q f(τ
A
q ) (4.7)
where the function f(τ) is
f(τ) =
arcsin
2 1√
τ
, τ ≥ 1,
−1
4
[
ln 1+
√
1−τ
1−√1−τ − ipi
]2
, τ < 1
(4.8)
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At LO the normalization due to the Born term is chosen in such a way that the
leading order coefficient G
(0)
ab is determined as
G
(0)
abΦ(z) = δagδbgδ(1− z) (4.9)
where the Kronecker-symbols δag respectively δbg signals the presence of the gluon-
gluon channel at the lowest order. In the next subsection we will proceed with the
coefficient G
(1)
abΦ where also additional gq and qq¯ channels, open up that contribute
to O(αs) corrections.
Φ gΦu g
Φ
d
SM H 1 1
MSSM A 1/ tan β tan β
Table 1: Higgs couplings to SM fermions
1.2 Next-to-leading order calculations and effective theory
In decays H → γγ it has been observed that with the knowledge of the UV-behavior
of the theory one is able to determine the amplitude in the low energy region region,
i.e. for energies much lower than the masses in the loop [78, 81] This leads to the
conclusions that the heavy particles in the loop do not decouple from the theory but
lead to an effective coupling instead. Similar to the Higgs decay into two photons
the same analysis can be repeated for the gg → H coupling. Considering only the
heavy top-quark in the triangle and assuming that the mass of the Higgs is much
smaller than the heavy quark (M2Φ M2t ) the latter can be integrated out from the
theory. The effective Lagrangian can then be obtained with different methods for a
scalar Higgs and a pseudoscalar Higgs.
LeffggH = −
1
4v
C1HG
a,µνGa,µν LeffggA = −
A
v
(
C˜1O1 + C˜2O2
)
(4.10)
where
O1 = −1
8
µνλσG
µν
a G
λσ
a , O2 = −
1
2
∂µ
Nf∑
i=1
q¯iγµγ5qi (4.11)
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The Standard Model Wilson coefficients C1 was determined up to four loop level in
αs [82, 22, 23, 83, 84, 85, 86]. The result up to three loop level is
C1(µ
2) =− αs(µ
2)
3pi
{
1 +
(
αs(µ
2)
pi
)
11
4
+
(
αs(µ
2)
pi
)2 [
19
16
Lt +
2777
288
+Nf
(
1
3
Lt − 67
96
)]
+
(
αs(µ
2)
pi
)3 [
897943
9216
ζ3 +
209
64
L2t +
1733
288
Lt − 2892659
41472
+NF
(
−110779
13824
ζ3 +
23
32
L2t +
55
54
Lt +
40291
20736
)
+N2F
(
− 1
18
L2t +
77
1728
Lt − 6865
31104
)]
+O(α4s)
}
, (4.12)
where Lt = ln
µ2R
M2t
. The Wilson coefficients for the effective coupling to a pseudoscalar
Higgs can be read off from Eqs. (15) and (19) in Ref. [87].
Next-to-leading order corrections were first calcluated in the context of heavy quark
effective theory (HQET) in [22, 23] for a scalar SM Higgs and in Ref. [40, 88] for a
pseudoscalar Higgs. The full massive calculation has been published in [89, 24], later
confirmed by Refs. [90] and [91]. At next-to-leading order in QCD the gg-channel
receives virtual and real corrections due to diagrams of the form shown in Fig. 4.2.
After adding the real and virtual contributions the IR-divergences cancel leaving
Figure 4.2
over UV-divergences as well as collinear divergences which can be absorbed into the
bare parton densities. After subtracting the UV-poles by the counterterms the NLO
gg-coefficient can be separated into three types of contributions
G
(1)
ggΦ = G
(1),δ
ggΦ +G
(1),+
ggΦ +G
(1),reg
ggΦ (4.13)
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where the superscripts δ, + and R denote the δ-, plus- and regular contributions.
The former two can be summarized into a soft and virtual part G
(1),SV
abΦ (z), i.e. into
terms which are singular for z → 1. The regular contributions contain terms which
are purely collinear and next-to-dominant or next-to-soft in the threshold region.
For the scalar SM Higgs H and the pseudoscalar MSSM Higgs A the coefficients
then are [24]
G
(1)
ggΦ(z;M
2
Φ/µ
2
R;M
2
Φ/µ
2
F ) =G
(1),SV
ggΦ (z;M
2
Φ/µ
2
R;M
2
Φ/µ
2
F ,M
2
Φ/M
2
q )
+G
(1),reg
ggΦ (z;M
2
Φ/µ
2
R; sM
2
Φ/µ
2
F ,M
2
Φ/M
2
q ) (4.14)
with
G
(1),SV
ggΦ =δ(1− z)
(
cΦ(τ
Φ
q ) + 6ζ(2) +
33− 2Nf
6
ln
µ2R
µ2F
)
+ 12D1(z) + 6D0(z) ln M
2
Φ
µ2F
(4.15)
G
(1),reg
ggΦ = G
(1),reg
ggΦ (z;M
2
Φ/µ
2
R;M
2
Φ/µ
2
F ;M
2
Φ/M
2
q )
=P reggg (z) ln
(1− z)2M2Φ
zµ2F
− 6 ln z
1− z + d
Φ
gg(z, τ
Φ
q ) , (4.16)
The gq and qq¯-channels contribute to the same level in αs but do not contain logarith-
mically enhanced terms or delta distributions in the limit z → 1. Their coefficient
functions can be summarized as [24]
G
(1)
gqΦ =G
(1),reg
gqΦ (z;M
2
Φ/µ
2
R;M
2
Φ/µ
2
F ,M
2
Φ/M
2
q )
=
1
2
Pgq(z) ln
(1− z)2M2Φ
zµ2F
+ dΦgq(z, τ
Φ
q ) , (4.17)
G
(1)
qq¯Φ =G
(1),reg
qq¯Φ (z;M
2
Φ/µ
2
R;M
2
Φ/µ
2
F ,M
2
Φ/M
2
q )
=dΦqq¯(z, τ
Φ
q ) (4.18)
The full mass dependence of the coefficients c(τΦq ), d
Φ
ab(z, τ
Φ
q ) can be found in Eq.
(B.2) in appendix B, respectively in Eq. (C.4) in appendix C of Ref. [24]
dΦqq¯(z, τ
Φ
q ) =
2
3
∣∣∣∑Q FΦ0 (τΦq )∣∣∣2
(1− z)3
z
∣∣∣∣∣∑
Q
AΦqqg(S)
∣∣∣∣∣
2
dΦgq(z, τ
Φ
q ) =
2
3
z +
2
3
z
∫ 1
0
dv
v
{
−1− 21− z
z2
+
1 + (1− z)2(1− v)2
z2
∣∣∣∣∣ 34∑Q FΦ0 (τΦq )
∑
Q
AΦqqg(T )
∣∣∣∣∣
2

55
dΦgg(z, τ
Φ
q ) =
3
(1− z)z
∫ 1
0
dv
v
z4 A
Φ
ggg(S, T, U)∣∣∣∑Q FΦ0 (τΦq )∣∣∣2 − 1− z
4 − (1− z)4
(4.19)
where the function FΦ0 can be extracted from Eq. (A.5) in appendix A whereas
AΦqqg and AΦggg are given in Eq. (C.5) in appendix C of Ref. [24]. In the limit of
a heavy top-quark M2t  m2H the universal coefficients d simplify to the following
expressions
cH(τHq )→
11
2
, cA(τAq )→ 6, (4.20)
dΦgg(z, τ
Φ
q )→−
11
2
(1− z)3
z
, (4.21)
dΦgq(z, τ
Φ
q )→−
1
z
+ 2− z
3
, (4.22)
dΦqq¯(z, τ
Φ
q )→
32
27
(1− z)3
z
. (4.23)
We want to conclude this subsection with the analysis of the impact of the NLO
corrections as well as to compare the full massive with the effective theory approach.
Due to the factorization formula in hadron collisions the total inclusive hadronic
cross section for the Standard Model Higgs and the pseudoscalar MSSM Higgs can
be written as
σΦ(s,M2Φ,M
2
Q) =
∑
a,b
∫ 1
0
dx1 dx1 fa/h1(x1, µ
2
F ) fb/h2(x2, µ
2
F )
∫ 1
0
dz δ
(
z − τΦ
x1x2
)
· σΦ0 ∆abΦ(z;M2Q, αs(µ2R),M2Φ/µ2R;M2Φ/µ2F ,M2Φ/M2q ) . (4.24)
We define the K-factor in the usual way as the ratio of the NLO cross section over
the LO cross section while the K∞-factor represents the equivalent ratio in the limit
of a heavy top quark.
KNLO =
σΦ(s,M2Φ)
NLO
σΦ(s,M2Φ,M
2
Q)
LO
(4.25)
KNLO∞ =
σΦ(s,M2Φ)
NLO
σΦ(s,M2Φ,M
2
Q)
LO
∣∣∣∣∣
mt→∞,mb=0,mc=0
(4.26)
For our analysis we used the FORTRAN 77 program HIGLU [92]. The NLO contri-
butions in the limit of a heavy top quark are also included in a separate Mathemat-
ica program which has been checked against HIGLU. For the evaluation of (4.24) at
next-to-leading order we used the NLO MSTW08 PDF’s [93] in HIGLU, respectively
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the Mathematica interface. With a center-of-mass energy of
√
s = 14 TeV and only
including top mass effects at NLO with mt = 172.5 GeV the K-factor amounts to
1.5 − 1.9 thus proving sizeable. Within the HQET it was observed [24] that the
full massive NLO result can be approximated by the K∞-factor rescaled with the
massive LO Born term
σΦ(s,M2Φ) = σ
Φ
0 K
NLO
∞ (4.27)
within an accuracy of about O(1%) for a Higgs mass MH = 125 GeV. For larger
Higgs masses at around MH = 600 GeV the deviation is about O(10%). In case
of a pseudoscalar Higgs the K-factor amounts to approximately 1.5− 1.7 for small
values of tan β whereas for larger values of tan β the K-factor is close to unity.
Both for a SM Higgs and pseudoscalar MSSM Higgs boson the comparison between
the full massive and effective theory approach is depicted in Figs. 4.3 and 4.4. The
good numerical agreement of both approaches thus gives good reasons to rely on the
HQET-calculations. The bulk of the next-to-leading and higher-order corrections
originates from the region of soft and collinear gluons which do not resolve the
effective coupling [84]. In the next subsection the NNLO and N3LO contributions
will be reviewed in the context of a heavy top-quark in the triangle loop.
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Figure 4.3: Comparison between the full massive NLO result (the solid blue line)
with the effective theory approach as defined in (4.26) (the dashed red line) in case
of a SM Higgs with center of mass energy
√
s = 14 TeV and Mt = 172.5 GeV.
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Figure 4.4: Comparison between the full massive NLO result (the solid blue line)
with the effective theory approach as defined in (4.26) (the dashed red line) in
case of a pseudoscalar MSSM Higgs with center of mass energy
√
s = 14 TeV and
Mt = 172.5 GeV and tan β = 3.
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1.3 Contributions beyond next-to-leading order in HQET
The next-to-leading order soft+virtual contributions to the gluon fusion process in
the SM within the HQET have first been calculated in Refs. [94, 95]. Later terms
originating from the collinear region have been derived by the authors in Ref. [96].
Additionally to the gg-,gq- and q¯q-channels the qq and qiqj (i 6= j) channels open
up. The full NNLO calculations were first presented in Refs. [97], [96] and [43]. The
coefficient function associated with the soft contributions, the terms proportional to
Di(z), 0 ≤ i ≤ 3, and the virtual contributions, the terms proportional to δ(1 − z)
can be summarized into
G
(2)SV
ggH =G
(2)SV
ggH (z;
M2H
µ2F
,
M2H
µ2F
)
=δ(1− z)
[
11399
144
+
133
2
ζ(2)− 9
20
ζ(2)2 − 165
4
ζ(3)
+
(
19
8
+
2
3
Nf
)
ln
M2H
M2t
+Nf
(
−1189
144
− 5
3
ζ(2) +
5
6
ζ(3)
)
+
(33− 2Nf )2
48
ln2
µ2F
µ2R
− 18 ζ(2) ln2 M
2
H
µ2F
+
(
169
4
+
171
2
ζ(3)− 19
6
Nf + (33− 2Nf ) ζ(2)
)
ln
M2H
µ2F
+
(
−465
8
+
13
3
Nf − 3
2
(33− 2Nf ) ζ(2)
)
ln
M2H
µ2R
]
+D0(z)
[
− 101
3
+ 33ζ(2) +
351
2
ζ(3) +Nf
(
14
9
− 2ζ(2)
)
+(
165
4
− 5
2
Nf
)
ln2
M2H
µ2F
− 3
2
(33− 2Nf ) ln M
2
H
µ2F
ln
M2H
µ2R
+
(
133
2
− 45ζ(2)− 5
3
Nf
)
ln
M2H
µ2F
]
+D1(z)
[
133− 90ζ(2)− 10
3
Nf + 36 ln
2 M
2
H
µ2F
+ (33− 2Nf )
(
2 ln
M2H
µ2F
− 3 ln M
2
H
µ2R
)]
+D2(z)
[
−33 + 2Nf + 108 ln M
2
H
µ2F
]
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+ 72D3(z) . (4.28)
The remaining regular terms in the gg-, gq-,qq-, qq¯- and qiqj-channel can be found
in Eqs. (47-57) of Ref. [97] for µR = µF = MH or in Eqs. (A.1-A.30) of Ref. [43]
for µ = µR = µF 6= MH . We have extended the Mathematica program by evolving
the scale dependence of the strong coupling on µF up to values of µR (see Appendix
C) and checking the numerical results against HIGLU.
In the case of a pseudoscalar Higgs the soft+virtual contributions have been calcu-
lated in Ref. [42] whereas to full NNLO coefficient functions were published in Ref.
[43, 44, 96]. The difference of the soft+virtual coefficient functions at two loop level
G
(2)
ggA−H = G
(2)
ggA −G(2)ggH reads
G
(2)SV
ggA−H =G
(2)SV
ggA−H(z;
M2H
µ2F
,
M2H
µ2F
)
=
[
1939
144
− 19
8
ln
M2A
M2t
+ 3ζ2
+Nf
(
21
16
+
1
3
ln
M2A
M2t
)
(
+
11
4
− 1
6
Nf
)
ln
M2A
µ2F
+
(
−33
8
+
1
4
Nf
)
ln
M2A
µ2R
]
δ(1− z)
+ 3D0(z) ln M
2
A
µ2F
+ 6D1(z) (4.29)
Numerical studies of the impact of the two loop corrections both for a scalar Higgs
and a pseudoscalar Higgs have been carried out in Refs. [97, 96, 43], respectively in
Refs. [42, 43, 44]. It was observed that with respect to NLO results in the heavy
top-quark limit the total hadronic cross section increases by about O(30%) and the
residual scale dependence is reduced to approximately O(15%).
Quite recently N3LO contributions in the threshold expansion for a scalar SM Higgs
have been published. The coefficient functions in the soft+virtual region are given
in Eq. (9) of Ref. [98] for µR = µF = MH . The partonic cross sections differs from
the one in Eq. (4.1) but can be transformed to our convention by
GSVabH(z) = (3pi)
2
[
C(µ2)
]2
ηij(z) (4.30)
Furthmore, the same authors presented terms arising from the collinear region in
Ref. [99] and then completed the effective three loop calculation in Ref. [100]. The
authors stated a further increase of the cross section of around O(2.2%) for µR =
µF = MH/2 with respect to the previous order and noted that the scale dependence
amounts to O(3%). Thus the residual theoretical uncertainties are parametric ones
due the strong coupling and the parton densities.
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2 Electroweak contributions
Two-loop electroweak contributions to the gluon-fusion process in the SM involve the
computation of diagrams in excerpts shown in Fig. 4.5. The first diagram is a order
O(α)-correction to the Born diagram whereas the second depicts the situation of two
vector bosons fusing into a Higgs. Apart from the difference in the couplings to the
Higgs both kinds of diagrams contribute to O(α2sα) corrections when interfered with
the Born term. In Ref. [101, 102, 103] only a gauge invariant subset of diagrams
of the second type of diagrams depicted in Fig. 4.5 where the quark in the box is
considered to be massless. In addition, in Ref. [104], both kind of contributions in
Fig. 4.5 in the limit M2H  4M2W were presented. Finally, the full NLO electroweak
Figure 4.5: Diagrams contributing to the NLO electroweak corrections to the gluon
fusion
corrections were published in Refs. [105, 106]. It is furthermore assumed that the
electroweak contributions factorize from the QCD effects. Two kinds of factorization
schemes have already been proposed in [103, 105].
• Complete factorization
σH0 ∆abH → σH0 (1 + δEW)∆abH (4.31)
• Partial factorization
σH0 ∆abH → σH0 (∆abH + δEWα2s(µ2R)∆(0)abH) (4.32)
where δEW contains all NLO electroweak corrections to the partonic cross section
σˆ(gg → H)
σˆabH(sˆ,M
2
Φ) = α
2
s(µ
2
R)σ
H
0 (1 + δEW)∆
(0)
abH (4.33)
Refering to [103] the complete factorization of electroweak contributions from QCD
corrections relies on the fact that higher-order terms starting at the three-loop level
are small. Nevertheless, approximate mixed QCD-electroweak contributions have
been calculated in Ref. [107]. The program HIGLU provides both NLO-electroweak
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Figure 4.6: Electroweak percentage corrections at NLO to the partonic cross sections
as in Eq. (4.33) from [105]
corrections generated by a grid file and mixed QCD-electroweak corrections. For
a Higgs mass MH = 125 GeV the electroweak corretions are further increasing the
cross section by about O(5%). At Higgs masses larger than MH = 180 GeV the
corrections become negative of around O(−4%) at the threshold of a tt¯-pair. Mixed
QCD-electroweak corrections only amount at the per-mille level.
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Chapter 5
Threshold Resummation in Gluon
fusion
1 Introduction and previous work
Based on the two methods described in Section (2) the soft and collinear resumma-
tion to the gluon fusion process in the SM has been first applied at NLL accuracy
in Ref. [84]. Further work extended the resummation to NNLL level [108], respec-
tively in Refs. [109, 110, 111, 112, 113]. Mass effects have also been incorporated
into the resummation [114]. Approximate N3LO results have been derived in Refs.
[115, 116, 117, 118] due to the knowledge of the threshold expansion, published in
Ref. [98]. In case of the pseudoscalar Higgs the resummation of soft and collinear
gluons has only be performed at NNLL level [45] in the limit of a heavy top quark.
In the following sections we set up the basis of the soft-virtual-collinear gluon re-
summation up to N3LL level for a scalar Higgs, respectively at NNLL level for the
pseudoscalar Higgs. The inclusion of the leading collinear logarithms turns out to
be numerically relevant [84]. In addition to previous work we also study the an-
alytical inclusion and numerical impact of the subleading collinear gluons in the
gluon fusion processes by providing an alternative approach to Ref. [118]. Further-
more, we consistently treat mass effects within the resummation method. Besides
analytical derivations we deal with the numerical implementation and matching of
the resummed and fixed-order result. Finally we present numerical results for both
scalar and pseudoscalar Higgs.
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2 Soft and collinear gluon resummation at N3LL
accuracy
Following our notation of the total hadronic cross section in Eq. (4.24) the Mellin
moment is defined as
σΦN(M
2
Φ,M
2
Q) ≡
∫ 1
0
dτH τ
N−1
Φ σ
Φ(s,M2Φ,M
2
Q). . (5.1)
Instead of an integral convolution form as in Eq. (4.24) the partonic cross section
as well the parton densities factorize multiplicatively in Mellin space
σΦN−1(M
2
Φ,M
2
Q) =σ
(0)
∑
a,b
f˜a/h1(N,µ
2
F ) f˜b/h2(N,µ
2
F )
× G˜abΦ
(
N ;αs(µ
2
R),
M2Φ
µ2F
;
M2Φ
µ2F
;
M2Φ
M2t
)
, (5.2)
where Gab,N obeys the analogous perturbative expansion in αs as in Eq. (4.4). Go-
ing back to Sec. 1 only the initial gg-channel contains soft+virtual contributions
at every perturbative order. The virtual contributions include terms proportional
to δ(1 − z) whereas the soft contributions include terms which are proportional to
the plus distributions Di(z). We further saw that the limit z → 1 in x-space corre-
sponds to the large N limit in Mellin space. The plus distributions generate large
logarithms lniN that spoil the convergence in this particular kinematical region.
The delta distributions simply become constants in the large N limit. All other
regular contributions are of order O(1/N) and thus can safely be neglected. Near
the partonic threshold the hard coefficient functions Gab,N then can be resummed
as
G˜ggΦ
(
N,αs(µ
2
R),
M2Φ
µ2F
;
M2Φ
µ2F
)
=α2s
{
1 +
+∞∑
n=1
αns
2n∑
m=0
G
(n,m)
H ln
mN
}
+O(1/N)
=G
(res)
ggΦ, N +O(1/N) , (5.3)
G˜abΦ
(
N,αs(µ
2
R),
M2Φ
µ2F
;
M2Φ
µ2F
)
=O(1/N) (ab 6= gg) , (5.4)
The first application of the soft and collinear gluon resummation to the gluon fusion
process was performed in Ref. [84] in the limit of a heavy top quark. Due to
kinematical similarities to the Drell-Yan process the same resummation procedure
can be repeated in a fully analogous way as in section 2.1.3 where one simply has to
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replace the subscript qq by Φ. The main difference to the Drell–Yan process stems
from the fact that the one loop coefficients W
(1)
Φ are not universal. They can be
written as
W
(1)
Φ (z, 1, ) = δ(1− z)f (1)Φ () + z
(
g(1)(z, )
(1− z)1+2
)
+
+ h(1)(z, ) , (5.5)
where the regular functions f
(1)
Φ , g
(1) and h(1) read
f
(1)
h,H() = −CA
(
11
6
+
203
36
+
pi2
3
)
, (5.6)
f
(1)
A () = f
(1)
h,H()− 2CA, (5.7)
g(1)(z, ) = CA
(
1 + z4 + (1− z)4
)
, (5.8)
h(1)(z, ) = CA
11
6
z(1− z)3−2. (5.9)
The authors of Ref. [84] also included collinear logarithms of the kind lniN/N by
evaluating the combination (zN−1 − 1)g(1)(z, ) in the following way
1
CA
(zN−1 − 1)g(1)(z, )→(zN−1 − 1) 2− (1− z)(2z2 − 4z − 2z3)
− 4zN−1(1− z) . (5.10)
This results in an exponentiation of the leading and next-to-leading logarithms as
well as the constant terms and the collinear logarithms. At NLL accuracy the all
order resummation formula is
G˜ggΦ =G˜gg
(
N,αs(µ
2
R),
M2Φ
µ2F
;
M2Φ
µ2F
, 0
)
=α2s(µ
2
R) exp
{
αs(µ
2
R)
pi
(
G
(1)SV−N
ggΦ,N + 2CA
lnN
N
)}
(5.11)
where G
(1)
gg,N can be inferred from Eq. (E.11) in Appendix E. The soft and collinear
resummation has been extended to NNLL accuracy in Ref. [108] based on the earlier
work in DY [73, 77], that we described in Sec. 2.2. Following along the notation in
Ref. [108] we extend the soft gluon resummation to N3LL accuracy. The all order
resummation formula can be cast into the following form [95]
G˜
(res)
ggΦ = G˜
(res)
ggΦ
(
N,αs(µ
2
R),
M2Φ
µ2F
;
M2Φ
µ2F
)
(5.12)
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= α2s(µ
2
R)CggΦ
(
αs(µ
2
R),
M2Φ
µ2R
;
M2Φ
µ2F
;
M2Φ
M2t
)
·∆H
(
N,αs(µ
2
R),
M2Φ
µ2R
;
M2Φ
µ2F
)
+O(1/N) . (5.13)
where Cgg contains all the constant terms. The Sudakov radiative factor ∆
H
N is
universal for scalar and pseudoscalar Higgs boson production and has the following
integral representation
∆H = ∆H
(
N,αs(µ
2
R),
M2Φ
µ2R
;
M2Φ
µ2F
)
= exp
{∫ 1
0
dz
zN−1 − 1
1− z
×
[
2
∫ (1−z)2M2Φ
µ2F
dq2
q2
A(αs(q
2)) +D(αs((1− z)2M2Φ))
]}
, (5.14)
where A(αs) and D(αs) are perturbative functions
A(αs) =
+∞∑
n=1
(αs
pi
)n
A(n) =
αs
pi
A(1) +
(αs
pi
)2
A(2) +
(αs
pi
)3
A(3) +
(αs
pi
)3
A(4)
+O(α4s) , (5.15)
D(αs) =
+∞∑
n=2
(αs
pi
)n
D(n) =
(αs
pi
)2
D(2) +
(αs
pi
)2
D(3) +O(α3s) . (5.16)
The functions A(i) contain all soft+collinear gluon effects in the initial state and
the functions D(i) contain all the wide angle soft-gluon effects in the final state.
Explicit expressions can be found in Eqs. (E.1), (E.2), (E.3) and (E.4) in Appendix
E. By solving the integrals in Eq. (5.14) one obtains a convenient form which
systematically organizes all singular and constant contributions
G˜(res)gg (N ;αs(µ
2
R),
M2Φ
µ2F
;
M2Φ
µ2F
) = α2s(µ
2
R)CggΦ
(
αs(µ
2
R),
M2Φ
µ2R
;
M2Φ
µ2F
,
M2Φ
M2t
)
· exp
{
GH
(
αs(µ
2
R), lnN ;
M2Φ
µ2R
),
M2Φ
µ2F
)}
. (5.17)
The constant function CggΦ contains contributions which originate from the terms
in front of the delta distribution δ(1 − z) as well as from non-logarithmic terms
emerging from the Mellin transformations. The perturbative expansion of CggΦ is
CggΦ = CggΦ
(
αs(µ
2
R),
M2Φ
µ2R
;
M2Φ
µ2F
,
M2Φ
M2t
)
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= 1 +
+∞∑
n=1
(
αs(µ
2
R)
pi
)n
CggΦ
(
M2Φ
µ2R
;
M2Φ
µ2F
,
M2Φ
M2t
)
. (5.18)
The difference between CggΦ and CggΦ is that one can put either terms into the
radiative factor ∆HN or into the constant terms. The threshold expansion of the
Laurent series in [98] allows us to determine the constant terms CggΦ in the limit of
a heavy top quark. The restauration of the scale dependence is described in detail in
Appendix C whereas the coefficient functions C
(i)
ggΦ are given in Eqs. (E.14), (E.15)
and (E.18). We notice that CggΦ generally depends on the ratio
M2Φ
M2t
and we postpone
the discussion about mass effects to section 3 . The singular contributions are all
included in the resummed kernel GΦ which can be expanded in the following way
GΦ = GΦ
(
αs(µ
2
R), lnN ;
M2Φ
µ2R
,
M2Φ
µ2F
)
=
+∞∑
n=1
αns
n+1∑
m=1
G(n,m)H lnmN
= lnN g
(1)
H (b0αs(µ
2
R) lnN)
+ g
(2)
H
(
b0αs(µ
2
R) lnN,
M2Φ
µ2R
;
M2Φ
µ2F
)
+ αs(µ
2
R) g
(3)
H
(
b0αs(µ
2
R) lnN,
M2Φ
µ2R
;
M2Φ
µ2F
)
+ α2s(µ
2
R) g
(4)
H
(
b0αs(µ
2
R) lnN,
M2Φ
µ2R
;
M2Φ
µ2F
)
+
+∞∑
n=5
[
αs(µ
2
R)
]n−2
g
(n)
H
(
b0αs(µ
2
R) lnN,
M2Φ
µ2R
;
M2Φ
µ2F
)
, (5.19)
The term lnN g
(1)
H resums all leading logarithms α
n
s ln
2nN while sub-leading loga-
rithms are contained in the functions g
(2)
H , g
(3)
H and g
(4)
H . The functions g
(i)
H can be
inferred from Eqs. (E.7), (E.8), (E.9), (E.10) in Appendix E. Expanding Eq. (5.19)
in terms of the strong coupling the soft+virtual approximation at fixed order can
be written as
G˜
(res)
ggΦ = α
2
s(µ
2
R)
[
1 +
αs(µ
2
R)
pi
G˜
(1) SV-N
ggΦ,N +
(
αs(µ
2
R)
pi
)2
G˜
(2) SV-N
ggΦ,N
+
(
αs(µ
2
R)
pi
)3
G˜
(3) SV-N
ggΦ,N +O(α4s)
]
. (5.20)
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where the hard scattering coefficient function in Mellin space G
(i)SV-N
ggΦ,N , i = 1, 2, 3 can
be found in Eqs. (E.11), (E.12) and (E.13). These soft+virtual approximations can
be obtained by transforming the expressions in Eqs. (4.15) and (4.28) into Mellin
space.
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3 Collinear and mass effects
We want to note that the all order resummation formula in Eq. (5.11) is consistent
with Eq. (5.17) at NLL level apart from the inclusion of terms arising from collinear
regions. Following the discussion in Ref. [95], the origin of the leading collinear
terms ln2n−1N/N can be attributed to the initial state collinear radiation up to a
maximal value of transverse momentum of the gluon qmaxT ∼ (1− z)2M2Φ. Similar to
the conjecture in [84] we observed that one has to add to the soft-collinear function
A(1) the regular part of the Altarelli–Parisi splitting kernel P
(1)reg
gg (z) in the limit
z → 1 in order to incorporate the leading collinear terms into the resummation
formula (5.14)
zN−1 − 1
1− z A
(1) → z
N−1 − 1
1− z A
(1) + zN−1 lim
z→1
1
2
P (1)reggg (z) =
=
[
zN−1 − 1
1− z − z
N−1
]
A(1) . (5.21)
This replacement leads to the same exponentiated form as in Eq. (5.11) which is
equivalent to the substitution [108]
C
(1)
ggΦ → C(1)ggΦ + 2CA
lnN
N
(5.22)
Both schemes correctly predict all leading collinear logarithms, the next-to-soft
terms (NS), of the form αns ln
2n−1N/N up to all orders but do not cover the sub-
leading logarithms of this kind in the soft-virtual-collinear (SVC-N) approximation.
The soft-virtual-collinear contributions in x-space in the threshold region read
G
(1) SVC−x
ggΦ = G
(1) SV−x
ggΦ
(
z;
M2Φ
µ2R
;
M2Φ
µ2F
;
M2Φ
M2t
)
− 12 ln(1− z) , (5.23)
G
(2) SVC−x
ggΦ =G
(2) SV−x
ggΦ
(
z;
M2Φ
µ2R
;
M2Φ
µ2F
)
− 72 ln3(1− z) .
+
(
−108 ln M
2
Φ
µ2F
+
345
2
− 2NF
)
ln2(1− z), (5.24)
where we also considered terms proportional to ln2(1 − z). The SVC-N coefficient
G
(2)SVC−N(res)
ggH , obtained by expanding Eq. (5.17) with the formal replacement in Eq.
(5.22), differs from the coefficient, determined by computing the Mellin moments of
Eq. (5.24), in subleading collinear terms. The correct form of the SVC contribution
G
(2)SVC−N
ggH up to next-to-next-to-soft terms (NNS) in Mellin space is
G˜
(2) SVC−N
ggΦ
(
z;
M2Φ
µ2R
;
M2Φ
µ2F
)
= G˜
(2) SV−N
ggΦ
(
z;
M2Φ
µ2R
;
M2Φ
µ2F
)
+ 36
ln3N
N
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−
54 ln2N ln
(
M2Φ
µ2F
)
N
− NF ln
2N
N
+
108γE ln
2N
N
+
48 ln2N
N
. (5.25)
We have observed that the NNS terms can correctly be reproduced within the re-
summation formula by the formal replacement
C
(1)
ggΦ → C(1)ggΦ + 6
L˜
N
C
(2)
ggΦ → C(2)ggΦ + (48−NF )
L˜2
N
(5.26)
with the extended logarithm
L˜ = ln
NeγEµF
MH
= lnN + γE − 1
2
ln
M2Φ
µ2F
. (5.27)
With this replacement we are able to predict the correct collinear logarithms ln3N/N
and ln2N/N in Eq. (5.25). At N3LO we can exactly reproduce the terms lnkN/N ,
k = 4, 5.
Previous work on the soft and collinear gluon resummation in the gluon fusion
was first performed in the limit of a heavy top quark. Returning to Eq. (5.18)
mass effects can be included consistently into the resummation due to the following
observation: The only mass dependence in the threshold terms appears in virtual
coefficient function Cgg in Mellin space [114]
C
(1)
ggΦ =δC
(1)
ggΦ + 6(γ
2
E + ζ2)− 6γE ln
M2Φ
µ2F
, (5.28)
δC
(1)
ggΦ =cΦ(τ
Φ
t ) + 6ζ2 +
33− 2NF
6
ln
µ2R
µ2F
. (5.29)
All other mass dependent regular coefficients, e.g. G
(1)reg
ggΦ , G
(1)reg
gqΦ , G
(1)reg
qq¯Φ in Eqs.
(4.16), (4.17) and (4.18) can safely be neglected in the incorporation of mass effects
since they are not logarithmically enhanced, consistent with the all order resum-
mation formula (5.17). The NNLO and N3LO coefficient functions C
(2)
gg and C
(3)
gg
have only been computed in the limit of a heavy top quark. This allows us only
to include the mass effects of the top quark at NLL accuracy only. We note that
we do not include the full mass dependence of the bottom and charm loops in the
resummation due to the following reason: In case of the bottom quark the virtual
coefficient cH(τHb ) behaves in the limit M
2
H  m2b as [24]
cH(τ
H
b )→
CA − CF
12
ln2
M2H
m2b
− CF ln M
2
H
m2b
(5.30)
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where we notice the appearance of large double and single logarithms of the ratio
M2H/m
2
b . The double logarithmic contributions at LO come from infrared sensitive
regions where the fermion line of the bottom quark opposite to the Hbb¯-vertex is soft.
The Abelian parts, scaling with CF in Eq. (5.30), have been resummed at LL and
NLL accuracy in case of the Hγγ form factor [119, 120]. The assumption leading to
the resummation is that the Hγγ form factor factorizes into an off-shell Hbb¯ vertex
and an off-shell amplitude bb¯ → γγ. The latter does not contain any double and
single logarithmic contributions as well as self-energy contributions to the fermion
lines up to all orders in αs. Soft gluons in the Hbb¯ vertex can be organized in general
ladder diagrams leading to the Sudakov form factor [121], [122], [123] which then can
be used to resum the large logarithms. The resummation of the non-Abelian part
proportional to the Casimir factor CA has not been performed so far. As mentioned
above, the origin of this type of logarithms in Eq. (5.30) is very different from the one
of soft and collinear gluons near the partonic threshold which do not resolve the Hgg-
form factor. For a SM Higgs the bottom quark contributions result in very different
sizes of the QCD corrections, thus a resummation of these effects is mandatory in
order to obtain reliable results. In case of a pseudoscalar Higgs the virtual coefficient
cA(τAb ) scales with tan β. For large values of tan β bottom quark contributions are
dominating over the top quark contributions. For the above mentioned reasons we
neglect bottom quark mass effect and only perform the threshold resummation by
imbedding top-quark contributions in the resummation formula for a scalar and
pseudoscalar Higgs.
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4 Numerical implementation and Matching
In this section we will describe the numerical implementation of the all-order resum-
mation formula in Eq. (5.17) and the improvement of the physical cross section by
matching the resummed to the fixed-order result. The total hadronic cross section in
momentum space can be obtained by the inverse Mellin transform of the resummed
expression G˜ab, res as
σ(s,M2Φ) = σ
(0)
∑
a,b
∫
CN
dN
2pii
(
M2Φ
s
)−N+1
f˜a/h1(N,µ
2
F ) f˜b/h2(N,µ
2
F )
× G˜ab, res
(
N ;αs(µ
2
R),
M2Φ
µ2R
;
M2Φ
µ2F
;
M2Φ
M2t
)
, (5.31)
where CN denotes the contour in the complex N -plane. The integrand in Eq. (5.31),
however, possesses non-perturbative singularities which come from the parton den-
sities and the resummed exponent GH . As we will discuss later, the general func-
tional form of the parton densities at the input scale µF,0 is given by the expression
xfi/hi(xµ
2
F ) =
∑
lAlx
γl(1 − x)δl , where the coefficients Al, γl and δl are obtained
from a fitting-procedure in DIS. The Mellin transformation of the parton densities
then results in a combination of Euler beta-functions B(a, b) of the following form
fi/h1,2, N(µ
2
F0
) =
∑
l
AlB(N + γl − 1, 1 + δl). (5.32)
The singularities associated with the beta-functions lie on the left real axis in the
complex N -plane. Furthermore, the resummed exponent in GH contains a Landau
pole for values λ = 1/2, i.e. NL = exp
1
2αsb0
. As proposed in [124], the contour has
to be chosen in the following way
σ(s,M2Φ) = σ
(0)
∑
a,b
∫ CMP+i∞
CMP−i∞
dN
2pii
(
M2Φ
s
)−N+1
f˜a/h1(N,µ
2
F ) f˜b/h2(N,µ
2
F )
× G˜(res)ab,N
(
αs(µ
2
R),
M2Φ
µ2R
;
M2Φ
µ2F
;
M2Φ
M2t
)
, (5.33)
with
Cf < CMP < NL = exp
1
2αsb0
(5.34)
such that CMP lies between the rightmost singularity Cf of the parton densities
and the Landau pole NL. In this way factorially growing terms and power like
ambiguities can be avoided in the perturbative expansion of the resummed result.
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In principle one could choose an integration contour C0 which is perpendicular to
the real exis with the abcissa CMP depicted in Figure 5.1. For numerical stability
reasons we have chosen the deformed contour C1 which can be split into an upper
and lower branch, parametrized by
N = CMP + ye
±iφ (5.35)
with 0 ≤ y < ∞ for the upper and ∞ > y ≥ 0 for the lower branch. We observe
that we can obtain fast numerical convergence for φ > pi/2. Since the integrand
G˜ab, res obeys the relation G˜
∗
ab, res(N) = G˜ab, res(N∗) we can rewrite Eq. (5.31) as
σ(s,M2Φ) = σ
(0) 1
pi
∑
a,b
τH
∫ ∞
0
dy Im
[
τ−CMP−ye
iφ
H
f˜a/h1
(
CMP + ye
iφ, µ2F
)
f˜b/h2
(
CMP + ye
iφ, µ2F
)
× G˜(res)ab
(
CMP + ye
iφ;αs(µ
2
R),
M2Φ
µ2R
;
M2Φ
µ2F
;
M2Φ
M2t
)]
, (5.36)
which is the form we used together with the integration routine VEGAS [125] for
the implementation in our Fortran 95 subroutine HIGLURES.
ℑ(N )
ℜ(N )
CMP NL
φ
C0C1
N = 1
Figure 5.1: Possibilities to choose the contour for the Mellin inversion of the partonic
cross section as proposed in Ref. [124].
73
The next two subsections are devoted to the investigation of the treatment of PDF’s
in Mellin and in x-space.
4.1 Parton densities in Mellin space
Common parton density groups do not provide parton distribution functions in
Mellin space. One possibility, used in Ref. [108], is to fit combinations of
∑
lAlx
γl(1−
x)δl to x-space PDF’s for a fixed scale µF . This simplified form allows to Mellin-
transform the fitted result for each scale choice µF separately. Another possibility
is to evolve the parton densities at the input scale µF0 with the DGLAP evolution
equations in Mellin space up to higher scales. In our work we used the program
QCD-PEGASUS [126] which provides unpolarized and polarized PDF’s in N -space
and x-space. In the inclusive Higgs boson production via gluon fusion we only make
use of the unpolarized NLO and NNLO PDF’s provided by PEGASUS. We first will
give a brief overview about the basis of the parton density evolution in Mellin space
and then discuss the numerical implementation.
In Section 1.3 we discussed the general form of the Altarelli–Parisi splitting functions
in Eq. (3.76). Since the splitting functions Pij do only depend on the scale µF via
the strong coupling αs(µ
2
F ) we only need to evolve the strong coupling up to the
renormalization scale µR with Eq. (C.4) in order to get the splitting functions in
the case µR 6= µF as
Pij(x, µF , µR) = as(µ
2
R) P
(0)
ij (x)
+ a2s(µ
2
R)
(
P
(1)
ij (x)− β0P (0)NS (x)L
)
+ a3s(µ
2
R)
(
P
(2)
ij (x)− 2β0LP (1)ij (x)−
{
β1L− β20L2
}
P
(0)
ij (x)
)
+ a4s(µ
2
R)
(
P
(3)
ij (x)− 3β0LP (2)ij (x)−
{
2β1L− 3β20L2
}
P
(1)
ij (x)
−{β2L− 5/2 β1β0L2 + β30L3}P (0)ij (x)) (5.37)
In Mellin space the DGLAP-equations (3.74) have the simple factorized form
∂
∂ lnµ2F
f˜i(N,µ
2
F ) = Pij(N,µ
2
R, µ
2
F )f˜j(N,µ
2
F ) (5.38)
Expanding the r.h.s as a power expansion of as = αs/(4pi) we obtain
∂f˜i(N, as)
∂as
= − 1
as
[
R
(0)
ij (N) +
∞∑
k=1
aksR
(K)
ij (N)
]
f˜j(N, as) . (5.39)
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where
R
(0)
ij ≡
1
β0
P
(0)
ij , R
(k)
ij ≡
1
β0
P
(k)
ij −
k∑
i=l
blR
(k−l)
ij . (5.40)
Eq. (5.39) has then to be solved for both singlet and non-singlet combinations of
partons where higher-order solutions can be derived as an expansion around the LO
result. The solutions then have to be converted into the individual parton densities.
The solution of the DGLAP evolution equations require the exact solution of the
strong coupling αs. Beyond LO one cannot solve the RGE of αs in a closed form as
it can inferred from the implicit solution at NLO
1
as(µ2R)
=
1
as(µ20)
+ β0 ln
(
µ2R
µ20
)
− b1 ln
{
as(µ
2
R) [1 + b1as(µ
2
0)]
as(µ20) [1 + b1as(µ
2
R)]
}
(5.41)
where bk = βk/β0. QCD-PEGASUS solves Eq. (A.1) by a fourth order Runge-
Kutta integration which differs from to the method used in Appendix B. The usage
of the latter would result in a difference between Eqs. (3.74) and (5.39). Within
PEGASUS the user has access to parton densities in x-space which is realized due to
the Mellin inversion of the individual parton distribution in N -space. As mentioned
earlier, the common functional form of the parton densities at the input-scale µF0 is
the one in Eq. (5.32). Although QCD-Pegasus provides two different forms of the
type as in Eq. (5.32) we used
xfi(x, µ
2
F0
) = Ni pi,1 x
pi,2(1− x)pi,3 [ 1 + pi,5 xpi,4 + pi,6 x ] (5.42)
where Ni is the normalization of the PDF’s at the reference scale µF0 . On the other
hand the functional form in (5.42) matches the one used by the MSTW08 parton
density group that reads
xuv(x, µ
2
F0
) = Au x
η1(1− x)η2(1 + u
√
x+ γu x), (5.43)
xdv(x, µ
2
F0
) = Ad x
η3(1− x)η4(1 + d
√
x+ γd x), (5.44)
xS(x, µ2F0) = AS x
δS(1− x)ηS(1 + S
√
x+ γS x), (5.45)
x∆(x, µ2F0) = A∆ x
η∆(1− x)ηS+2(1 + γ∆ x+ δ∆ x2), (5.46)
xg(x, µ2F0) = Ag x
δg(1− x)ηg(1 + g
√
x+ γg x) + Ag′ x
δg′ (1− x)ηg′ , (5.47)
x(s+ s¯)(x, µ2F0) = A+ x
δS (1− x)η+(1 + S
√
x+ γS x), (5.48)
x(s− s¯)(x, µ2F0) = A− xδ−(1− x)η−(1− x/x0), (5.49)
where the input parameters pi can be fixed from the corresponding table in Ref.
[93]. In case of the gluon densities we adapted the following form
xfi(x, µ
2
F0
) = Ni pi,1 x
pi,2(1− x)pi,3 [ 1 + pi,5 xpi,4 + pi,6 x ]+ pi,7 xpi,8(1− x)pi,9
(5.50)
in QCD-PEGASUS by extending the relevant subroutines.
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4.2 Parton derivative method
The total hadronic cross section for the inclusive Higgs boson production via gluon
fusion in Eq. (4.24) can be written as
σ(s,M2Φ) = σ
(0)τH
∑
a,b
∫ ∞
τH
dz
z
∫ 1
τH/z
dx
x
fa/h1(x, µ
2
F )fb/h2(
τH
xz
, µ2F ) (5.51)
×G(res)ab
(
z;αs(µ
2
R),
M2Φ
µ2R
;
M2Φ
µ2F
;
M2Φ
M2t
)
(5.52)
where the resummed cross section G
(res)
ab (z) is the Mellin inverted form of the corre-
sponding partonic cross section in Mellin space
G
(res)
ab
(
z;αs(µ
2
R
)
,
M2Φ
µ2R
;
M2Φ
µ2F
;
M2Φ
M2t
) =
1
2pii
∫
CMP
dNz−NG˜(res)ab
(
N ;αs(µ
2
R),
M2Φ
µ2R
;
M2Φ
µ2F
;
M2Φ
M2t
)
.
(5.53)
We notice the different integration limits of the variable z in Eqs. (5.52) and (4.24).
The upper limit z = ∞ in Eq. (5.52) instead of z = 1 corresponds the fact that
within the Minimal Prescrition formula the partonic cross section in Mellin space is
not vanishing for values of z > 1 due to the presence of the Landau pole. However,
we observed that the partonic cross section decreases rapidly for z > 1. Mainly
due to the plus distributions the integrand in Eq. (5.52) is strongly oscillating for
large N . These oscillation can be damped by the introduction of modified parton
luminosities. The trick of the method proposed in Ref. [127] is to multiply the total
hadronic cross section by 1 = (N − 1)2k/(N − 1)2k, k = 1, 2, 3, . . .. This leads to the
following form of Eq. (5.33)
σ(s,M2Φ) = σ
(0)
∑
a,b
∫ CMP+i∞
CMP−i∞
dN
2pii
(
M2Φ
s
)−N+1
×
[
(N − 1)kf˜a/h1(N,µ2F )
] [
(N − 1)kf˜b/h2(N,µ2F )
]
× G˜(res)ab
(
N ;αs(µ
2
R),
M2Φ
µ2R
;
M2Φ
µ2F
;
M2Φ
M2t
)
/(N − 1)2k , (5.54)
Now we introduce the modified parton luminosities f
(k)
a/h1
as the Mellin inversion of
(N − 1)kfa/h1(N,µ2F ) defined by
f
(k)
a/hi
(x, µ2F ) =
1
2pii
∫
CMP
dNx−N(N − 1)kf˜a/hi(N,µ2F ) i = 1, 2 (5.55)
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We identify the modified luminosities as derivatives acting on the the x-space PDF’s.
For k = 1 we can rewrite Eq. (5.55) by integration by parts
(N − 1)fa/hi(N,µ2F ) =
∫ 1
0
dx(N − 1)xN−1fa/hi(x, µ2F )
=
∫ 1
0
dx xfa/hi(x, µ
2
F )
d
dx
xN−1
=
∫ 1
0
dx xN−1
[
− d
dx
xfa/hi(x, µ
2
F )
]
(5.56)
and exploiting the fact that the parton densities vanish for x = 1. The general form
due to the large N -damping can be derived as
f
(k)
a/hi
(x, µ2F ) =−
d
dx
[
xf
(k−1)
a/hi
(x, µ2F )
]
(5.57)
f
(0)
a/hi
(x, µ2F ) =fa/hi(x, µ
2
F ) (5.58)
We observed that it is possible to implement the derivatives of the parton densities
up to order k = 2. Beyond that we are not able to obtain numerically stable results
for the modified luminosities beginning with k = 3. As we can infer from Eq. (5.54)
the oscillation of the partonic cross section for large N are suppressed by a factor
1/(N − 1)2k. The Mellin inversion of Eq. (5.52) then reads
σ(s,M2Φ) = σ
(0)τH
∑
a,b
∫ ∞
τH
dz
z
∫ 1
τH/z
dx
x
f
(k)
a/h1
(x, µ2F )f
(k)
b/h2
(
τH
xz
, µ2F )
× G˜(k)(res)ab
(
z;αs(µ
2
R),
M2Φ
µ2R
;
M2Φ
µ2F
;
M2Φ
M2t
)
(5.59)
where
G˜
(k)(res)
ab
(
z;αs(µ
2
R),
M2Φ
µ2R
;
M2Φ
µ2F
;
M2Φ
M2t
)
=
1
2pii
∫
CMP
dNz−NG˜(res)ab
(
N ;αs(µ
2
R),
M2Φ
µ2R
;
M2Φ
µ2F
;
M2Φ
M2t
)
/(N − 1)2k. (5.60)
As was noticed in Ref. [127], the introduction of higher-order derivatives turns
out to be necessary in gluon initiated processes. We observed as well that in the
inclusive gluon fusion process only the second derivative on the parton densities
leads to stable results for the z-integration between τH and 1. Furthermore, the
integration between 1 < z <∞ is negligible.
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4.3 Matching
The resummed result in Eq. (5.31) can be matched to the fixed order expression in
Eq. (4.24) as follows:
σ(res)(s,M2Φ) =σ
(0)Φ
tt
∫ CMP+i∞
CMP−i∞
dN
2pii
(
M2Φ
s
)−N+1
f˜g/h1(N,µ
2
F ) f˜g/h2(N,µ
2
F )
×
{
G˜
(res)
ggΦ, (N)NNLL
(
N ;αs(µ
2
R),
M2Φ
µ2F
;
M2Φ
µ2F
; 0
)
−
[
G˜
(res)
ggΦ, (N)NNLL
(
N ;αs(µ
2
R),
M2Φ
µ2F
;
M2Φ
µ2F
; 0
)]
(f.o.)
}
+ σ
(0)Φ
tt
∫ CMP+i∞
CMP−i∞
dN
2pii
(
M2Φ
s
)−N+1
f˜g/h1(N,µ
2
F ) f˜g/h2(N,µ
2
F )
×
{
G˜
(res)
ggΦ,NLL
(
N ;αs(µ
2
R),
M2Φ
µ2F
;
M2Φ
µ2F
;
M2Φ
M2t
)
−
[
G˜
(res)
ggΦ,NLL
(
N ;αs(µ
2
R),
M2Φ
µ2F
;
M2Φ
µ2F
;
M2Φ
M2t
)]
(NLO)
}
− σ(0)Φtt
∫ CMP+i∞
CMP−i∞
dN
2pii
(
M2Φ
s
)−N+1
f˜g/h1(N,µ
2
F ) f˜g/h2(N,µ
2
F )
×
{
G˜
(res)
ggΦ,NLL
(
N ;αs(µ
2
R),
M2Φ
µ2F
;
M2Φ
µ2F
; 0
)
−
[
G˜
(res)
ggΦ,NLL
(
N ;αs(µ
2
R),
M2Φ
µ2F
;
M2Φ
µ2F
; 0
)]
(NLO)
}
+ σNNLOt+b+c (s,M
2
Φ,M
2
t ) , (5.61)
where σ
(0)Φ
tt denotes the LO Born factor σ
(0)Φ of Eq. (4.5) including only the top
quark contributions. The index (N)NNLL shall indicate that the soft collinear gluon
resummation for a scalar Higgs can be performed at NNNLL whereas for a pseu-
doscalar Higgs the resummation procedure can only be applied at NNLL. Moreover,
in Eq. (5.61) we also use the index (f.o.) for the soft collinear contributions of G˜
(res)
ggΦ
at fixed order as in Eqs. (E.11), (E.12) and (E.13). By evaluating the first integral
in Eq. (5.61) we convolve the integrand with (N)NNLO αs (see appendix B) and
NNLO parton densities due to the non-necessity of N3LO PDF’s [128], while the
second and third integrand has to evaluated with NLO αs and NLO PDF’s con-
sistently. Finally we add the fixed order result at NNLO as it is implemented in
HIGLU [92] as
σNNLOt+b+(c)(s,M
2
Φ) = σ
NNLO
∞ (s,M
2
Φ) + σ
NLO
t+b+c(s,M
2
Φ)− σNNLO∞ (s,M2Φ) (5.62)
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with the individual fixed-order contributions denoted by
σNNLO∞ (s,M
2
Φ) =σ
(0)Φ
tt K
Φ,NNLO
∞ (5.63)
σNLO∞ (s,M
2
Φ) =σ
(0)Φ
tt K
Φ,NLO
∞ (5.64)
σNLOt+b+(c)(s,M
2
Φ) =σ
(0)Φ
t+b+(c)K
Φ,NLO
t+b+(c). (5.65)
where the KΦNLO∞ -factor is defined in Eq. (4.26) and analogously the K
ΦNNLO
∞ rep-
resents the ratio of the NNLO cross section over the LO one in the limit of a heavy
top quark
KΦ,NNLO∞ =
σΦ(s,M2Φ)
NNLO
σΦ(s,M2Φ)
LO
∣∣∣∣
mt→∞,mb=0,mc=0
(5.66)
The full massive NLO cross section σNLOt+b+(c) can be obtained from Eqs. (4.24),
respectively the NLO coefficients from Eqs. (4.4), (4.15), (4.16), (4.17) and (4.18)
while the full massive KΦ,NLOt+b+(c)-factor is defined in Eq. (4.25). We evaluate the
NNLO part with NNLO αs and PDF’s and the NLO part with NLO αs and PDF’s
consistently in HIGLU. With the matching been set up we are able to present
numerical results for a scalar and pseudoscalar Higgs.
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5 Numerical results
For our analysis we performed the Mellin inversion in Eq. (5.36) and Eq. (5.52)
with the integration routine VEGAS [125]. The off-set parameter has been chosen
as C = 2.5. In case of the parton derivative method we have set the angle φ as
3pi/4 for the z-integration from τH to 1, respectively as pi/4 for the z-integration
from 1 to ∞. For the Mellin inversion in Eq. (5.36) we used parton densities from
QCD-PEGASUS and fixed the angle φ as 3pi/4. In both events we performed checks
for a variation of C within the interval Cf < C < NL and for a variation of the
angle φ and obtained a numerical independence of our results.
For the calculation of the total hadronic cross section we set the heavy quark masses
to Mt = 172.5 GeV, Mb = 4.75 GeV and Mc = 1.40 GeV consistently with the
MSTW08 set. All predictions of observables have been made for a center-of-mass
energy
√
s = 14 TeV and in the case of a pseudoscalar Higgs we have chosen the value
of tan β as 3. Throughout our analysis we used the MSTW08 parton densities for
the convolution with the partonic cross section. The total hadronic cross section is
obtained by the matched result in Eq. (5.61) where we also added NLO electroweak
contributions in the complete factorization scheme as in Eq. (4.31).
5.1 Comparison between the derivative method and QCD
PEGASUS
We start with the comparison of the PDF’s in x-space between the publicly available
MSTW08 densities and the ones we obtained for the same input parameters with
QCD-PEGASUS.
For small Bjorken-x we find an agreement of all parton densities within 0.1%. In the
large x-region we observed a discrepancy between MSTW08- and QCD-PEGASUS-
PDF’s, in particular for the gluon densities, that is related to an inconsistency
of the PDF-evolution up to higher scales. In Fig. 5.2 the ratio of the NNLO
parton densities of QCD-PEGASUS and MSTW08 is depicted for a factorization
scale µF = 800 GeV.
The MSTW08 group has provided us with a corrected version of the parton dis-
tribution functions which we denote as MSTW08*. With this improved version we
observe a larger deviation of 2% for small values of x in case of the gluon distribution
functions, contrary to the former MSTW08 densities. However, for large Bjorken-x
we find a better agreement within 6%, see Fig. 5.3.
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Figure 5.2: Ratio of the NNLO QCD-PEGASUS and MSTW08 parton distribution
functions of the valence up and down quarks and the gluon for a renormalization
scale µF = 800 GeV
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Figure 5.3: Ratio of the NNLO QCD-PEGASUS and MSTW08∗ parton distribution
functions of the valence up and down quarks and the gluon for a renormalization
scale µF = 800 GeV
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5.2 Collinear and mass effects
As mentioned in the previous chapter the inclusion of collinear logarithms turns
out to be numerically relevant as we will demonstrate in the following. In Fig. 5.4
the total hadronic cross section at NLO is depicted. The red line represents the
full massive result obtained by HIGLU. The soft-virtual approximation in Mellin
space, the dashed blue line, only agrees with the fixed order result within 5%. With
the formal replacement (5.22) the soft+virtual+collinear approximation is in good
agreement with the NLO result within 0.1%. Furthermore, we observed that the
incorporation of subleading collinear effects in Eq. (5.22) leads to a slight increase of
the total hadronic cross section at the per-mille level. The embeddding of top quark
mass effects into the resummation formula results in a decrease at the per-mille
level.
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Figure 5.4: Comparison of the total hadronic cross section of the gluon fusion process
at NLO between the full massive result and the SV and SVC approximations
5.3 Scale dependence
In this subsection we present the phenomenological results of the total hadronic
cross section for a scalar SM Higgs and a pseudoscalar MSSM Higgs. We first study
82
the scale dependence by varying the factorization and renormalization scale around
the value MΦ.
In Fig. 5.5 (Fig. 5.6) we present the scale variation of the factorization (renormal-
ization scale) µF = χFMH (µR = χRMH) by fixing the other scale at the default
value MH = 125 GeV. Merely due to the scaling behavior of the strong coupling
αs the total hadronic cross section decreases for larger values of the renormalization
scale µR. The opposite behavior for the factorization scale µF is observed due to
sensitivity of the cross section to the partons at small Bjorken-x. The simultaneous
variation of both scales, µR = µF , leads to compensation of both behaviors (see Fig.
5.7). With respect to NNLO we obtain a slight reduction of the renormalization
scale dependence due to our extension to N3LL accuracy. The variation w.r.t. the
factorization scale is marginally stronger after including the resummation effects.
Referring to Figs. 5.8, 5.9 and 5.10 the scale variation in the pseudoscalar case for
a Higgs mass of MA = 400 GeV shows the analogous behavior as for a scalar Higgs.
0
10
20
30
40
50
60
70
0.2 0.5 1 2 3 4 5
σ
[p
b]
χF = µF /MH
LO
NLO
NNLO
LO+LL
NLO+NLL
NNLO+NNLL
NNLO+N3LL
Figure 5.5: Factorization scale dependence of the total hadronic SM cross section
via gluon fusion for MH = 125 GeV, µR = MH .
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Figure 5.6: Renormalization scale dependence of the total hadronic SM cross section
via gluon fusion for MH = 125 GeV, µF = MH .
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Figure 5.7: Scale dependence of the total hadronic SM cross section via gluon fusion
for MH = 125 GeV, µ = µF = µR.
84
01
2
3
4
5
0.2 0.5 1 2 3 4 5
σ
[p
b]
χF = µF /MA
LO
NLO
NNLO
LO+LL
NLO+NLL
NNLO+NNLL
Figure 5.8: Factorization scale dependence of the total hadronic pseudoscalar cross
section for MA = 400 GeV, µF = MA and tan β = 3.
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Figure 5.9: Renormalization scale dependence of the total hadronic pseudoscalar
cross section for MA = 400 GeV, µR = MA and tan β = 3.
85
01
2
3
4
5
0.2 0.5 1 2 3 4 5
σ
[p
b]
χ = µ/MA
LO
NLO
NNLO
LO+LL
NLO+NLL
NNLO+NNLL
Figure 5.10: Scale dependence of the total hadronic pseudoscalar cross section for
MA = 400 GeV, µ = µF = µR
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5.4 Total hadronic cross section for scalar and pseudoscalar
Higgs
In Fig. 5.11 (Fig.5.12) we present the total hadronic cross section for a scalar Higgs
at fixed values µR = µF = MH (µR = µF = MH/2). With respect to NNLO the
inclusion of N3LL resummation effects results in an increase of the cross section by an
amount of O(10%) for a renormalization and factorization scale equal to the Higgs
mass of 125 GeV. Neglecting electroweak contributions we find an agreement with
the exact N3LO result [99] within O(4%). For µR = µF = MH/2 the Higgs cross
section increases only by an amount of O(2%) with respect to NNLO. We notice an
agreement with Ref. [99] within O(0.3%) for this corresponding scale choice. In Tab.
1 we compare the total hadronic cross section at N3LL accuracy obtained by using
MSTW08, MSTW08∗ and QCD-PEGASUS PDF’s where we varied the scales µR and
µF in the range 0.5MH ≤ µR, µF ≤ 2MH , with the constraint 0.5 ≤ µR/µF ≤ 2MH .
We notice a discrepancy for large Higgs masses between the MSTW08-densities and
QCD-PEGASUS due to the mentioned reasons in Sec. 5.1 Although using the same
set of input parameters we obtain a sizeable difference of the total hadronic cross
section between the corrected version MSTW08∗ and QCD-Pegasus for Higgs mass
of MH = 800 GeV.
In an analogous way we performed a comparison of the NNLO with the NNLL
renormalization group improved result for a pseudoscalar Higgs with MA = 400
GeV. For µR = µF = MA the resummed cross section further increases with respect
to NNLO by O(5−10%). For a scale choice µR = µF = MA/2 the increase amounts
to less than O(1%). As mentioned in Sec. 1 the pseudoscalar cross section is singular
near the tt¯-threshold due to the presence of a Coulomb-singularity.
MH σ
H(s,M2H)MSTW08 [pb] σ
H(s,M2H)MSTW08∗ [pb] σ
H(s,M2H)PEGASUS [pb]
125 GeV 52.9594+5.75%−1.34% 53.2922
+6.01%
−1.36% 53.1792
+4.80%
−1.47%
800 GeV 0.581164+5.20%−3.59% 0.582321
+5.26%
−3.54% 0.560591
+3.60%
−1.95%
Table 1: Comparison of the total hadronic cross section for a SM Higgs boson using
MSTW08, MSTW08∗ and QCD-PEGASUS PDF’s.
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Figure 5.11: Comparison of the LO, NLO, NNLO and N3LL cross section for a SM
Higgs boson (µR = µF = MH) using MSTW08
∗ parton densities.
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Figure 5.12: Comparison of the LO, NLO, NNLO and N3LL cross section for a SM
Higgs boson (µR = µF = MH/2) using MSTW08
∗ parton densities.
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Figure 5.13: Comparison of the LO, NLO, NNLO and NNLL cross section for a
pseudoscalar Higgs (µR = µF = MA, tan β = 3) using MSTW08
∗ parton densities.
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Figure 5.14: Comparison of the LO, NLO, NNLO and NNLL cross section for a
pseudoscalar Higgs (µR = µF = MA/2, tan β = 3) using MSTW08
∗ parton densities.
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Chapter 6
Conclusions and Outlook
After the discovery of the Higgs boson the Large Hadron Collider has now passed
a new milestone in collider physics by having reached a center-of-mass energy of 13
TeV. The detailed analysis of the scalar Higgs properties has now to be performed
in order to find deviations of its coupling to SM fermions. We started this thesis
by giving a brief overview about the production and the decay channels for a scalar
and pseudoscalar Higgs. Fixed-order QCD calculations are needed to obtain pre-
cise theoretical predictions to the observable Higgs cross sections. Among these the
gluon fusion process is the dominant production mechanism that also provides an
excellent source to extract the Yukawa couplings to the heaviest quarks. We showed
that, within the theoretical framework of QCD, information about residual higher-
orders can be obtained due to the resummation of large contributions of the partonic
cross section. The sources of the latter have to be carefully isolated by means of
factorization theorems. We discussed two possible methods in conventional QCD
which enabled us to apply the soft gluon resummation to the gluon fusion process.
In this thesis we extended the methods to the highest known accuracy by including
soft gluon resummation effects up to N3LL level. A careful numerical analysis in
this thesis showed the necessity of the inclusion of collinear logarithms. In this con-
text we provided an alternative approach to the imbedding of subleading collinear
sources. Top quark mass effects, an essential component of this thesis, have been
included consistenly into the resummation procedure. Apart from theoretical devel-
opments in our work the detailed numerical analysis has been content to this thesis
to large extent. In particular, we have set up a computer program which carries
out the numerical Mellin inversion of the partonic cross section. The treatment of
parton distribution functions showed that, although using the same set of input pa-
rameters, the evolution up to higher scales differs significantly in particular regions
of the momentum fraction of the partons. Nevetheless we provided three different
results for the SM Higgs boson production via gluon fusion. We were able to show
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that for a renormalization and factoriation scale equal to the half of the Higgs mass
our resummed N3LL result agrees with the full N3LO prediction within O(0.3%).
However, other scale choices only lead to an agreement of O(4%). Furthermore we
repeated the same analysis for a pseudoscalar Higgs. We have found an analytical
difference between our NNLO resummed cross section and the publicly available re-
sults in literature which affects the pseudoscalar Higgs cross section for scale choice
unequal the Higgs mass. Top quark mass effects have been incorporated into the re-
summation for the first time which enables us to present the most precise theoretical
prediction. However, the sizeable PDF uncertainties have to be analysed carefully
as well cross-checks of our result with the results published in literature have to be
performed. The remaining uncertainties due to bottom quark mass effects in the
resummation formula has to be studied and analysed in order to consistently derive
predictions for the scalar and pseudoscalar Higgs cross sections.
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Appendix A
QCD Beta-function and
DGLAP-splitting kernels
The QCD β-function has been calculated up to one- [129, 130, 131], two-[132, 133,
134], three- [135, 134] and four-loop [136, 137] level. By using the conventional
expansion of the 4-dimensional β-function
∂as
∂ lnµ2
= β(as) = −β0a2s − β1a3s − β2a4s − β3a5s +O(a6s) (A.1)
in which as = αs/(4pi) the results are
β0 =
11
3
CA − 4
3
TFnf .
β1 =
34
3
C2A −
20
3
CATFnf − 4CFTFnf ,
β2 =
2857
54
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27
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2
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2
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44
9
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2
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2
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9
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2
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(
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+
1232
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CFT
3
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3
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−39143
81
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+ C4A
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+ C2FT
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2
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(
1352
27
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3
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. (A.2)
Along this thesis we also use the convention where all the factors 1/(4pi) are absorbed
into the coefficients of the β-function. The relation simply is
bi =
1
(4pi)i+1
βi. (A.3)
The one-loop Altarell–Parisi splitting functions read [62]
Pqq(x) =CF
(
1 + x2
(1− x)+ +
3
2
δ(1− x)
)
(A.4)
Pqg(x) =CF
(
1 + (1− x)2
x
)
(A.5)
Pgq(x) =TR
(
x2 + (1− x)2) (A.6)
Pgg(x) =2CA
(
x
(1− x)+ + (1− x)(x+
1
x
)
)
+
11CA − 4NFTR
6
δ(1− x) (A.7)
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Appendix B
Iterative solution of the strong
coupling
Although the framework of perturbative QCD allows one to predict the variation
of the running coupling with the unphysical renormalization scale µR the absolute
value itself has to be determined by fitting the one parameter family of solutions
to data at a reference scale, e.g. MZ . The common appraoch is then to solve the
RGE of αs either numerically or analytically in order to deduce the values of the
strong coupling at any large scale. However, for many purposes one introduces a
dimensionful parameter Λ which also depends on the renormalization scheme used.
This parameter represents the scale where the coupling gets strong at around 200
MeV. It has the advantage of providing a functional form for αs(µ
2
R) in case of
solving the RGE iteratively [138]. Starting from
t =
αs(µ)∫
αs(Λ)
dαs
β(αs)
, t = ln
(µ
Λ
)
, (B.1)
expanding the β-function to sufficiently high orders in αs and performing the inte-
gration the reference scale can be written as
Λ = µ exp
[
− 2
b0αs(µ)
+
b1
b20
ln
(
1
b0αs(µ)
)
− b2b0 − b
2
1
b30
αs(µ) + C
]
(B.2)
where C is an arbitrary integration constant. In the following we may choose C = 0
thus independent on the active flavors Nf which leads to the following expression
1
αs(µ)
= b0t+ ∆1, ∆1 =
b1
2b0
ln
(
1
αs(µ)
)
+
b2b0 − b21
4b20
α(µ) +O(α2s) (B.3)
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The above formula can now be iteratively solved by inserting the solution for αs(µ)
into ∆1 giving the approximate analytically solution
αs(µ) =
1
b0t
(
1− b1
b20
ln t
t
+
b21(ln
2 t− ln t− 1) + b0b2
b40t
2
−b
3
1(ln
3 t− 5
2
ln2 t− 2 ln t+ 1
2
) + 3b0b1b2 ln t− 12b20b3
b60t
3
)
(B.4)
Usually working groups on parton densities quote the strong coupling at respec-
tive order at the scale of the Z-mass. The corresponding Λ can be determined by
eliminating αs in Eq. (B.4) due to a redefinition like
b0 =
1
α(µ)A(α(µ))
, b1 =
B(α(µ))
α2(µ)A(α(µ))
, b2 =
C(α(µ))
α3(µ)A2(α(µ))
,
b3 =
D(α(µ))
α4(µ)A3(α(µ))
(B.5)
leading to
t =
A
2
(
1 +
√
1− 4B∆2 ln(t)
)
(B.6)
where
∆2 = 1+
AB(ln2 t− ln t− 1) + C
B
t ln(t)
−A
2B2(ln3 t− 5
2
ln2 t− 2 ln t+ 1
2
) + 3AC ln t− D
2B
t2 ln t
(B.7)
Inserting Eq. (B.6) into (B.7) and solving the equation numerically up to a desired
accuracy provides a fast and efficient method to convert MZ into the appropriate
Λ. At the end we want to mention that in general the coefficients of the β-function
depend on the the flavor Nf of the quarks which are lighter than the renormalization
scale µR. New flavor thresholds µR = mqi have to be treated as step functions in the
beta coefficients, thus αs is dis-continuous. In our case this is not necessary since
we only work in the 5-flavor scheme.
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Appendix C
Scale dependence
In Section 1.4 we noticed the appearance of scale-dependent logarithms after expand-
ing the partonic cross section in  and after carefully renormalizing the bare quan-
tities as the strong coupling αs and the parton densities fi. However, the Laurent
series for the total partonic cross section in [98] is given at the scale µR = µF = mh
for which all scale-dependent logarithms of that kind vanish. In order to re-install
the scale dependence we can exploit the renormalization group equations for the
strong coupling and the parton densities as in Sec. 1 The scale translation of αs
from the initial scale µ0 to µ1 can be derived by solving
∂αs(µ
2)
∂ ln(µ2)
= β
[
αs(µ
2)
]
αs(µ
2) (C.1)
where
β
[
αs(µ
2)
]
= −
∑
n=0
βnα
n+1(µ2) (C.2)
is the QCD β-function with coefficients βi taken from Sec. A and hence with solution
αs(µ
2
1) = αs(µ
2
0) +
ln(µ21)∫
ln(µ20)
d ln(µ2)β[αs(µ
2)]αs(µ
2) (C.3)
The trick to obtain logarithmic terms of the two different scales is to iteratively
replace the solution by itself on the r.h.s. up to the desired order in αs. This rather
lengthy calculation leads to
αs(µ
2
1) = αs(µ
2
0)
− β0Lα2s(µ20)
− (β1L− β20L2)α3s(µ20)
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− (β2L− 5
2
β0β1L
2 + β30L
3)α4s(µ
2
0) +O(α5s) (C.4)
where L = ln
(
µ21
µ20
)
. In a similar way the scale dependece of the parton densities can
be restored by solving the DGLAP-equations
∂fi(µ
2)
∂ ln(µ2)
= Pij(µ
2)⊗ fj(µ2) (C.5)
with the expansion of the splitting kernels as follows
Pij(µ
2) =
∑
n=0
P
(n)
ij α
n+1
s (µ
2) (C.6)
The solution
fi(µ
2
1) = fi(µ
2
0) +
ln(µ21)∫
ln(µ20)
d ln(µ2)
(
Pij(µ
2)⊗ fj(µ2)
)
(C.7)
again can be replaced by itself on the r.h.s.. Repeatedly performing these steps gives
the following expression for the scale translation of the parton densities
fi(µ
2
1) = fi(µ
2
0)
+ αs(µ
2
0)LP
(0)
ij ⊗ fj(µ20)
+ α2s(µ
2
0)
[
L
(
P
(1)
ij ⊗ fj(µ20)
)
+
1
2
L2
(
P
(0)
ik ⊗ P (0)ij − β0P (0)ij
)
⊗ fj(µ20)
]
+ α3s(µ
2
0)
{
L
(
P
(2)
ij ⊗ fj(µ20)
)
+
1
2
L2
[(
P
(0)
ik ⊗ P (1)kj + P (1)ik ⊗ P (0)kj
)
⊗ fj(µ20)
− 2β0
(
P
(1)
ij ⊗ fj(µ20)
)
− β1
(
P
(0)
ij ⊗ fj(µ20)
)]
+
1
6
L3
[
P
(0)
il ⊗ P (0)kl ⊗ P (0)lj ⊗ fj(µ20)
− 3β0P (0)ik ⊗ P (0)kj ⊗ fJ(µ20) + 2β20P (0)ij ⊗ fj(µ2o)
]}
+O(α4s(µ20)) (C.8)
In Principle one could now start with expression in Ref. [97] exploiting equations
(C.4) and (C.8) in order to restore the scale dependence. However, we are only
interested in the large-x limit of the partonic cross section. Thus, it is convenient
to work in Mellin space. The equivalent to the singlet splitting functions P
(n)
ij in
N -space are the singlet anomalous dimensions
γab(N,αs) = −
1∫
0
dxxN−1Pab(x, αs) (C.9)
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where the minus sign is the standard convention. The large-x behavior of the diag-
onal splitting functions [139] was found to behave as
γ(n−1)aa = A
a
n(lnN + γe)−Ban − Can
lnN
N
+O
(
1
N
)
(C.10)
whereas the off-diagonal n-loop anomalous dimensions vanish like 1
N
ln2n−2N . The
leading large-N gluon coefficients Agn are related to the quark coefficients A
q
n by
Agn =
CA
CF
Aqn. (C.11)
while the latter can be read off easily from Eq. (3.11) of Ref. [140]
Aq1 = 4CF
Aq2 = 8CF
[(
67
18
− ζ2
)
CA − 5
9
Nf
]
Aq3 = 16CFC
2
A
(
245
24
− 67
9
ζ2 +
11
6
ζ3 +
11
5
ζ22
)
+ 16C 2FNf
(
−55
24
+ 2 ζ3
)
+ 16CFCANf
(
−209
108
+
10
9
ζ2 − 7
3
ζ3
)
+ 16CFN
2
f
(
− 1
27
)
. (C.12)
whereas the N -independent contributions Bgn need to be extracted from the coeffi-
cients in front of the δ(1− x) terms in Eqs.(4.6), (4.10) and (4.15) of Refs. [141].
Bg1 =
11CA
3
− 2Nf
3
Bg2 = 4C
2
A
(
3ζ3 +
8
3
)
− 8CANf
3
− 2CFNf
Bg3 = 16C
3
A
(
11ζ22
24
− ζ2ζ3 + ζ2
6
+
67ζ3
6
− 5ζ5 + 79
32
)
− 16C2ANf
(
ζ22
12
+
ζ2
6
+
5ζ3
3
+
233
288
)
− 241CACFNf
18
+
29CAN
2
f
18
+ C2FNf +
11CFN
2
f
9
One has to notice that due to the different expansion of the n + 1-loop splitting
function in Refs. [140],[141], namely
Pab(αs, x) =
∑
n=0
(αs
4pi
)n+1
P(n)ab (x) (C.13)
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the relation to our convention for the gluon splitting function is
P (n)gg (x) =
1
4n+1
P(n)gg (x) (C.14)
This leads to a simplification of Eq. (C.8) for the gluon density since we are only
interested in the gg-channel. From Eq. (5.1)
σN−1(m2h) = σ
(0)
[
fg/h1(N,m
2
h)
] [
fg/h2(N,m
2
h)
]
Ggg,N(αs(m
2
h), 1, 1) (C.15)
the re-installation of the scale dependence can be attained by first replacing fg/hi(N,m
2
h)
by Eq. (C.8) in Mellin space and utilizing Eq. (C.4) to evolve αs from the scales µf
and mh to the renormalization scale µR.
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Appendix D
Mellin integrals
We define the Mellin moments of the plus distributions Di as
In(N) =
∫ 1
0
dz zN−1Dn(z) =
∫ 1
0
dz
zN−1 − 1
1− z ln
n(1− z). (D.1)
The N -moments can be computed by using the following identity [108]
In(N) = lim
→0
(
∂
∂
)n{
1

[
e− lnNΓ(1 + )− 1]}+O( 1
N
)
. (D.2)
where we used the expression
Γ(1 + ) = exp
{
−γE +
+∞∑
n=2
(−1)n ζ2
n
n
}
. (D.3)
which can easily be expanded in a power series in . Here we give the solutions
to Eq. (D.1) which are needed to compute the Mellin moments of the soft+virtual
contributions
I0(N) = − lnN − γE +O(1/N) (D.4)
I1(N) =
ln2N
2
+ γE lnN +
ζ2
2
+
γ2E
2
+O(1/N) (D.5)
I2(N) = −ζ2 lnN − 1
3
ln3N − γE ln2N − γ2E lnN
−γEζ2 − 2ζ3
3
− γ
3
E
3
+O(1/N) (D.6)
I3(N) =
3
2
ζ2 ln
2N + 3γEζ2 lnN + 2ζ3 lnN +
ln4N
4
100
+γE ln
3N +
3
2
γ2E ln
2N + γ3E lnN +
3ζ22
4
+
3γ2Eζ2
2
+ 2γEζ3 +
3ζ4
2
+
γ4E
4
+O(1/N) (D.7)
I4(N) = −3ζ22 lnN − 2ζ2 ln3N − 6γEζ2 ln2N − 6γ2Eζ2 lnN
−4ζ3 ln2N − 8γEζ3 lnN − 6ζ4 lnN − 1
5
ln5N
−γE ln4N − 2γ2E ln3N − 2γ3E ln2N
−γ4E lnN − 3γEζ22 − 4ζ2ζ3 − 2γ3Eζ2
−4γ2Eζ3 − 6γEζ4 −
24ζ5
5
− γ
5
E
5
+O(1/N) (D.8)
I5(N) =
15
2
ζ22 ln
2N + 15γEζ
2
2 lnN + 20ζ2ζ3 lnN
+
5
2
ζ2 ln
4N + 10γEζ2 ln
3N + 15γ2Eζ2 ln
2N
+10γ3Eζ2 lnN +
20
3
ζ3 ln
3N + 20γEζ3 ln
2N
+20γ2Eζ3 lnN + 15ζ4 ln
2N + 30γEζ4 lnN + 24ζ5 lnN
+
ln6N
6
+ γE ln
5N +
5
2
γ2E ln
4N +
10
3
γ3E ln
3N
+
5
2
γ4E ln
2N + γ5E lnN +
5ζ32
2
+
15γ2Eζ
2
2
2
+20γEζ2ζ3 + 15ζ2ζ4 +
5γ4Eζ2
2
+
20ζ23
3
+
20γ3Eζ3
3
+ 15γ2Eζ4 + 24γEζ5 + 20ζ6 +
γ6E
6
+O(1/N). (D.9)
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Appendix E
Resummation formulae
The functions A(i) can be inferred from [76, 142, 143, 144]
A(1) =CA (E.1)
A(2) =
1
2
C2A
(
67
18
− pi
2
6
)
(E.2)
A(3) =CA
[
C2A
(
11ζ22
20
− 67ζ2
36
+
11ζ3
24
+
245
96
)
−1
2
NF
(
CA
(
7ζ3
6
− 5pi
2
54
+
209
216
)
+ CF
(
55
48
− ζ3
))
− N
2
F
108
]
(E.3)
The function A(4) yet has only been estimated numerically [145]
A(4) =
13977
1024
(E.4)
The NNLL coefficient D(2) has been evaluated in Refs. [95, 96] while the coefficient
D(3) has been calculated in Ref. [109]:
D(2) =CA
[
CA
(
−101
27
+
11
3
ζ2 +
7
2
ζ3
)
+NF
(
14
27
− 2
3
ζ2
)]
(E.5)
D(3) =
1
64
[
C3A
(
−2992ζ
2
2
15
− 352ζ2ζ3
3
+
98224ζ2
81
+
40144ζ3
27
− 384ζ5 − 594058
729
)
+C2ANF
(
736ζ22
15
− 29392ζ2
81
− 2480ζ3
9
+
125252
729
)
+CACFNF
(
−64ζ
2
2
5
− 32ζ2 − 608ζ3
9
+
3422
27
)
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+CAN
2
F
(
640ζ2
27
+
320ζ3
27
− 3712
729
)]
(E.6)
g
(1)
h = g
(1)
h (λ)
=
A(1)
pib0λ
[2λ+ (1− 2λ) ln(1− 2λ)] , (E.7)
g
(2)
h = g
(2)
h (λ,m
2
h/µ
2
R;m
2
h/µ
2
F )
= −A
(2)
pi2b20
[2λ+ ln(1− 2λ)]− 2A
(1)γE
pib0
ln(1− 2λ)
+
A(1)b1
pib30
[
2λ+ ln(1− 2λ) + 1
2
ln2(1− 2λ)
]
+
A(1)
pib0
[2λ+ ln(1− 2λ)] ln m
2
h
µ2R
− 2A
(1)
pib0
λ ln
(
m2h
µ2F
)
, (E.8)
g
(3)
h = g
(3)
h (λ,m
2
h/µ
2
R;m
2
h/µ
2
F )
= +
4A(1)
pi
(ζ2 + γ
2
E)
λ
1− 2λ −
2A(1)γEb1
pib20(1− 2λ)
[2λ+ ln(1− 2λ)]
+
A(1)b21
pib40(1− 2λ)
[
2λ2 + 2λ ln(1− 2λ) + 1
2
ln2(1− 2λ)
]
+
A(1)b2
pib30
[
2λ+ ln(1− 2λ) + 2λ
2
1− 2λ
]
+
2A(3)
pi3b20
λ2
1− 2λ −
D(2)
pi2b0
λ
1− 2λ +
4γEA
(2)
pi2b0
λ
1− 2λ
− A
(2)b1
pi2b30
1
1− 2λ
[
2λ+ ln(1− 2λ) + 2λ2]− 2A(2)
pi2b0
λ ln
(
m2h
µ2F
)
− A
(1)
pi
λ ln2
(
m2h
µ2F
)
+
2A(1)
pi
λ ln
m2h
µ2R
ln
(
m2h
µ2F
)
+
1
1− 2λ
(A(1)b1
pib20
[2λ+ ln(1− 2λ)]− 4A
(1)γE
pi
λ− 4A
(2)
pi2b0
λ2
)
ln
m2h
µ2R
+
2A(1)
pi
λ2
1− 2λ ln
2 m
2
h
µ2R
, (E.9)
g
(4)
h = g
(4)
h (λ,m
2
h/µ
2
R;m
2
h/µ
2
F )
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= −A
(1) ln3(1− 2l)b31
6b50(1− 2l)2pi
− A
(1) ln(1− 2l)b31
b50(1− 2l)pi
+
A(1) ln(1− 2l)b31
2b50(1− 2l)2pi
+
A(1) ln(1− 2l)b31
2b50pi
+
2A(1)lb31
3b50pi
− A
(1)b31
b50(1− 2l)pi
+
A(1)b31
3b50(1− 2l)2pi
+
2A(1)b31
3b50pi
+
A(1)γE ln
2(1− 2l)b21
b30(1− 2l)2pi
+
A(3) ln2(1− 2l)b21
2b40(1− 2l)2pi2
+
A(3) ln(1− 2l)b21
2b40(1− 2l)2pi2
+
2A(1)γEb
2
1
b30(1− 2l)pi
− A
(1)γEb
2
1
b30(1− 2l)2pi
− A
(1)γEb
2
1
b30pi
− 2A
(3)lb21
3b40pi
2
+
A(3)b21
b40(1− 2l)pi2
− A
(3)b21
12b40(1− 2l)2pi2
− 11A
(3)b21
12b40pi
2
− A
(1)pi ln(1− 2l)b1
3b0(1− 2l)2 −
A(1)b2 ln(1− 2l)b1
b40pi
+
A(1)b2 ln(1− 2l)b1
b40(1− 2l)pi
− A
(1)b2 ln(1− 2l)b1
2b40(1− 2l)2pi
− 2A
(1)γ2E ln(1− 2l)b1
b0(1− 2l)2pi
+
D(2) ln(1− 2l)b1
2b20(1− 2l)2pi2
− 2A
(3)γE ln(1− 2l)b1
b20(1− 2l)2pi2
− A
(3) ln(1− 2l)b1
2b30(1− 2l)2pi3
− 7A
(1)b2b1
12b40pi
− 4A
(1)b2lb1
3b40pi
+
A(1)b2b1
b40(1− 2l)pi
− 5A
(1)b2b1
12b40(1− 2l)2pi
− D
(2)b1
4b20pi
2
+
D(2)b1
4b20(1− 2l)2pi2
− A
(3)γEb1
b20(1− 2l)2pi2
+
A(3)γEb1
b20pi
2
+
2A(3)lb1
3b30pi
3
− 5A
(3)b1
12b30(1− 2l)2pi3
+
5A(3)b1
12b30pi
3
−
2A(1)b0l ln
3
(
m2h
µ2F
)
3pi
+
(
A(1)b0
6pi
+
2A(1)lb0
3pi
− A
(1)b0
6(1− 2l)2pi
)
ln3
(
m2h
µ2R
)
+
(
−A
(1)b1l
b0pi
− 2A
(3)l
pi2
)
ln2
(
m2h
µ2F
)
+
(
−2lA
(3)
pi2
+
A(3)
2(1− 2l)2pi2
−A
(3)
2pi2
− A
(1)b1 ln(1− 2l)
2b0(1− 2l)2pi −
2A(1)b0l ln
(
m2h
µ2F
)
pi
− A
(1)b1l
b0pi
+
A(1)b0γE
(1− 2l)2pi
−A
(1)b0γE
pi
)
ln2
(
m2h
µ2R
)
− A
(3)
3
+
A(1)b3 ln(1− 2l)
2b30pi
−
2A(3)l ln
(
m2h
µ2F
)
b0pi3
+
(
−A
(1) ln2(1− 2l)b21
2b30(1− 2l)2pi
− A
(1)b21
b30(1− 2l)pi
+
A(1)b21
2b30(1− 2l)2pi
+
A(1)b21
2b30pi
+
2A(1)γE ln(1− 2l)b1
b0(1− 2l)2pi +
A(3) ln(1− 2l)b1
b20(1− 2l)2pi2
− A
(3)b1
2b20pi
2
+
A(3)b1
2b20(1− 2l)2pi2
+
2A(1)b0l ln
2
(
m2h
µ2F
)
pi
+
(
2A(1)b1l
b0pi
+
4A(3)l
pi2
)
ln
(
m2h
µf2
)
+
A(1)b0pi
3
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− A
(1)b0pi
3(1− 2l)2 −
A(1)b2
2b20pi
+
A(1)b2
b20(1− 2l)pi
− A
(1)b2
2b20(1− 2l)2pi
− 2A
(1)b0γ
2
E
(1− 2l)2pi +
2A(1)b0γ
2
E
pi
− D
(2)
2pi2
+
D(2)
2(1− 2l)2pi2 −
2A(3)γE
(1− 2l)2pi2 +
2A(3)γE
pi2
+
2A(3)l
b0pi3
+
A(3)
2b0pi3
− A
(3)
2b0(1− 2l)2pi3
)
ln
(
m2h
µ2R
)
+
A(3)
3(1− 2l)2 −
8A(1)b0ζ(3)
3pi
+
8A(1)b0ζ(3)
3(1− 2l)2pi +
2A(1)b0γEpi
3(1− 2l)2 −
2
3
A(1)b0γEpi − A
(1)b3
12b30pi
+
2A(1)b3l
3b30pi
− 2A
(1)b2γE
b20(1− 2l)pi
+
A(1)b3
12b30(1− 2l)2pi
+
4A(1)b0γ
3
E
3(1− 2l)2pi +
A(1)b2γE
b20(1− 2l)2pi
− 4A
(1)b0γ
3
E
3pi
+
A(1)b2γE
b20pi
+
2A(3)b2
3b30pi
2
+
2A(3)b2l
3b30pi
2
− A
(3)b2
b30(1− 2l)pi2
+
A(3)b2
3b30(1− 2l)2pi2
+
2A(3)γ2E
(1− 2l)2pi2
− D
(2)γE
(1− 2l)2pi2 −
2A(3)γ2E
pi2
+
D(2)γE
pi2
+
D(3)
4b0pi3
− D
(3)
4b0(1− 2l)2pi3 +
A(3)γE
b0(1− 2l)2pi3
− A
(3)γE
b0pi3
− 2A
(4)l
3b20pi
4
− A
(4)
6b20pi
4
+
A(4)
6b20(1− 2l)2pi4
(E.10)
G
(1) SV−N
ggH,N = G
(1) SV−N
ggH,N (m
2
h/µ
2
R;m
2
h/µ
2
F )
= +2A(1) ln2N + lnN
[
4γEA
(1) − 2A(1) ln
(
m2h
µ2F
)]
+ C(1)gg , (E.11)
G
(2) SV−N
ggH,N = G
(2) SV−N
ggH,N (m
2
h/µ
2
R;m
2
h/µ
2
F )
= +2
(
A(1)
)2
ln4N + ln3N
[
−4 (A(1))2 ln(m2h
µ2F
)
+ 8γE
(
A(1)
)2
+
4piA(1)b0
3
]
+ ln2N
[
2
(
A(1)
)2
ln2
(
m2h
µ2F
)
− 8γE
(
A(1)
)2
ln
(
m2h
µ2F
)
+ 8γ2E
(
A(1)
)2
−2piA(1)b0 ln
(
m2h
µ2R
)
+ 4γEpiA
(1)b0 + 2A
(1)C(1)gg + 2A
(2)
]
+ lnN
[
2piA(1)b0 ln
(
m2h
µ2F
)
ln
(
m2h
µ2R
)
− pi(A(1))b0 ln2
(
m2h
µ2F
)
−4γEpiA(1)b0 ln
(
m2h
µ2R
)
+ 4piA(1)b0ζ2 + 4γ
2
EpiA
(1)b0 − 2A(1)C(1)gg ln
(
m2h
µ2F
)
+ 4γEA
(1)C(1)gg − 2A(2) ln
(
m2h
µ2F
)
+ 4γEA
(2) −D(2)
]
+ C(2)gg , (E.12)
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G
(3) SV−N
ggH,N = G
(3) SV−N
ggH,N (m
2
h/µ
2
R;m
2
h/µ
2
F )
= +
4
(
A(1)
)3
3
ln6N
+ ln5N
[
−4 (A(1))3 ln(m2h
µ2F
)
+ 8γE
(
A(1)
)3
+
8
3
pi
(
A(1)
)2
b0
]
+ ln4N
[
4
(
A(1)
)3
ln2
(
m2h
µ2F
)
− 16γE
(
A(1)
)3
ln
(
m2h
µf2
)
+ 16γ2E
(
A(1)
)3 − 8
3
pi
(
A(1)
)2
b0 ln
(
m2h
µ2F
)
− 4pi (A(1))2 b0 ln(m2h
µ2R
)
+
40
3
γEpi
(
A(1)
)2
b0 + 2
(
A(1)
)2
C(1)gg
+ 4A(1)A(2) +
4
3
pi2A(1)b20
]
+ ln3N
[
−4
3
(
A(1)
)3
ln3
(
m2h
µ2F
)
+ 8γE
(
A(1)
)3
ln2
(
m2h
µ2F
)
− 16γ2E
(
A(1)
)3
ln
(
m2h
µ2F
)
+
32γ3E
(
A(1)
)3
3
+ 8pi
(
A(1)
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